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Chapter 1 

Introduction 



The main results of this thesis are a proof of excision for entire cychc cohomology and the con- 
struction of a Chern-Connes character for Frcdholni modules without any summability conditions 
having values in a variant of entire cyclic cohomology. 

The excision theorem in entire cyclic cohomology asserts that if K ^^ E ^> Q is an algebra 
extension with a bounded linear section s: Q ^ E, then there is a six-term exact sequence 

HE°(Q) -^^ HE°(E) ^^ HE"(K) 



HEVK) -^ HE^fE) -^-^ HE^Q) 

p" i 

of the associated entire cyclic cohomology groups HE* {lS) . Recently, this has been proved also by 
Puschnigg |3J] using quite different methods. 

Entire cyclic cohomology is a relative of periodic cyclic cohomology that accommodates also 
certain "infinite dimensional" cohomology contributions. This can be made more precise in terms 
of the Chern-Connes character in ii'-homology. In periodic cyclic cohomology, the Chern-Connes 
character can be defined only for finitely summable Fredholm modules. That is, the commutators 
[x, F] that are required to be compact for a Fredholm module are even contained in a Schatten 
ideal £p{3{.) for some p. Unfortunately, there are many interesting Fredholm modules that are not 
finitely summable. In entire cyclic cohomology, the summability condition can be weakened to 
6-summability [[7|. This allows certain "infinite" Fredholm modules, but still imposes a serious 
restriction. In particular, Fredholm modules over C*-algebras usually are not 0-summable. 

However, a small modification of the definition of entire cyclic cohomology allows to define a 
Chern-Connes character for Fredholm modules without any summability restriction. For entire 
cyclic cohomology we consider families of multi-linear maps 0„ : A®" — > C, n e N, such that for 
all bounded sets S C A, there is a constant C{S) such that |0„(ai, . . . , a„)| < C for all n G N, 
ai, . . . , a^ G 5*. If we instead require this "entire growth" condition only for compact sets 5*, we 
get more linear maps. It turns out that we get sufficiently many cochains to write down a Chern- 



Connes character for Fredholm modules without imposing any summability condition (Section 3.4). 
The resulting character coincides with the usual character for finitely summable Fredholm modules 
and probably also for 0-sumniable Fredholm modules. However, I have not checked the latter. 

If we impose the entire growth condition only on finite subsets instead of bounded or compact 
subsets, we obtain a theory that is considered already by Connes [pi. 



So far we have not specified for which algebras entire cychc cohomology is defined. Usually, 
entire cyclic cohomology is defined on locally convex topological algebras. However, only the 
bounded subsets are used in its definition to formulate the growth constraint mentioned above. 
Moreover, we may use the compact or the finite subsets instead of the bounded subsets. Therefore, 
a more natural domain of definition is the category of complete bornological algebras. A bornological 
vector space is a vector space V together with a collection 6 of subsets, satisfying certain axioms 
already formulated by Bourbaki [Q . A standard example is the collection of all bounded subsets of 
a locally convex topological vector space. We call sets 5* e 6 small. It appears that bornological 
vector spaces have not yet been used by people studying cyclic cohomology theories. Hence we 
outline some basic analysis in Chapter g. We do not need much analysis, because we really want 
to do algebra. Analysis mainly has to set the stage for the algebra to go through smoothly. 

It is impossible to understand entire cyclic cohomology using only topological vector spaces. 
Unless A is a Banach algebra, it appears to be impossible to describe the semi-norms of a locally 
convex topology on ^ A®" such that the continuous linear functionals are precisely the families 
of multi-linear maps satisfying the entire growth condition. In adittion, for the purposes of the 
Chern-Connes character it is reasonable to endow a C*-algebra with the homology generated by the 
compact subsets instead of the homology of all bounded subsets. This change of homology cannot 
be described as choosing a different topology. The only reasonable alternative to bornological 
vector spaces are inductive systems. These are used quite successfully by Puschnigg in |3|] and are 
necessary to handle local theories. However, for the purposes of entire cyclic cohomology it suffices 



to work with bornological vector spaces. We will see in Appendix A. 1.2 that inductive systems 
and bornological vector spaces are closely related. 

The original definition of periodic cyclic cohomology by Connes suggests the following route to 
compute the periodic cyclic cohomology of an algebra A. Firstly, compute the Hochschild cohomol- 
ogy HH*(A). Secondly, use Connes's long exact "SBI" sequence to obtain the cyclic cohomology 
HC*(A) from HH*(A). Finally, the periodic cyclic cohomology HP*(A) is the inductive limit 

HP*(A) = limHC*+^'=(A). (1.1) 

This powerful strategy works, for example, for smooth manifolds and group algebras. However, 
it fails miserably if we cannot compute the Hochschild cohomology of A. This happens, for instance, 
for the Schatten ideals £^(!K) withp ^ 1. Nevertheless, Cuntz |^ was able to compute HP°(£p) = C 
and HP^(£P) = for all p without knowing anything about the Hochschild or cyclic cohomology of 
£P('K). This is possible because periodic cyclic cohomology has better homological properties than 
Hochschild or cyclic cohomology. It is invariant under smooth homotopies, stable, and satisfies 
excision. For many algebras, we can compute periodic cyclic cohomology using long exact sequences 
that follow from these properties. For example, there are six term exact sequences computing the 
periodic cyclic cohomology of crossed products by Z and R. This is why the result of Cuntz and 
Quillen [Ol that periodic cyclic cohomology satisfies excision is so important. 

Connes's original definition of entire cyclic cohomology is elementary but gives us no hint how 
to compute it. Connes takes the complex computing periodic cyclic cohomology and enlarges it by 
allowing cochains with infinite support that satisfy the entire growth condition. However, entire 
cyclic cohomology is no longer related to Hochschild cohomology. As a result, we do not know how 
to cut the huge complex defining entire cyclic cohomology to a manageable size. It is already a 
hard problem to compute the entire cyclic cohomology of the algebra C°° {S^ ) of smooth functions 
on the circle. The obvious conjecture that HE* (C°°(S'^)) is equal to the de Rham homology of the 
circle, C in even and odd degree, has been verified only recently by Puschnigg using excision. At 
the moment, excision is the most powerful method to compute entire cyclic cohomology groups. 

We use a more complicated but also more explanatory definition of entire cyclic cohomology 
and call it analytic cyclic cohomology instead. This avoids confusion in connection with the Chern- 
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Connes character, because its range is not the entire cychc cohomology that is usually considered. 
The definition of analytic cyclic cohomology is analogous to the description of periodic cyclic 
cohomology given by Cuntz and Quillen in pSl and |lj|. 

The tensor algebra TA of A can be realized as the even part of the algebra of non-commutative 
differential forms fiA, endowed with the Fedosov product. The latter is a deformation of the ordinary 



product of differential forms (see Appendix A. 2. 4). We endow QA with the convex homology S 



generated by sets of the form {(ao)<iai . . . (ia„ | n e N, ao, . . . , a„ G S*} with small S C A. The 
notation (ao)(iai . . . da„ stands for agdai . . . dan or dai . . . dan- The homology ©an is quite obvious 
from the entire growth condition. The completion of TA C flA with respect to the homology San 
is the analytic tensor algebra TA. 

The X-complex ^(A) of an algebra A is a Z2-graded complex with 

Xo(A) := A, Xi(A) := r2iA/[f7iA, A] := VL^A/biVi^A). 

The boundary maps in the X-complex are induced by d: A -^ Vl^A and b: Vl^A -^ A. Thus we 
obtain a low-dimensional quotient of the (i?, 6)-bicomplex. For a general algebra A, this complex 
is not particularly interesting. However, it is good enough if A is quasi-free, that is, homologically 
1-dimensional. If A is quasi- free, then X{A) computes the periodic cyclic cohomology of A. 

The analytic cyclic cohomology HA* (A), * = 0, 1, of a complete bornological algebra A is defined 
as the cohomology of the complex X(TA). Furthermore, we define a corresponding homology 
theory HA* (A) and a bivariant theory HA* (A; B) by considering the complex of bounded linear 
maps X{TA) -^ X(TB). If A is a locally convex algebra endowed with the homology of bounded 
subsets, then HA* (A) is naturally isomorphic to the entire cyclic cohomology HE* (A). 

This definition of analytic cyclic cohomology already suggests the right tools for its study. The 
purely algebraic tensor algebra TA is universal for bounded linear maps A — > B into complete 
bornological algebras in the sense that any such map can be extended uniquely to a bounded 
homomorphism TA ^ B. In Cuntz 's treatment of bivariant X-theory p], tensor algebras play a 
prominent role. The identity map induces a natural projection TA -^ A. Let JA be the kernel of 
this map. The extension JA >— > TA ^> A is universal among all extensions of A with a bounded 
linear section. This universal property characterizes TA uniquely up to smooth homotopy. 

The analytic tensor algebra TA is no longer universal for arbitrary linear maps, but we can 
characterize the class of linear maps that can be extended to bounded homomorphisms TA —> B. 
We call these maps lanilcurs. The extension J A ^-> TA -» A is no longer universal among 
all extensions of A, but it enjoys an analogous universal property among those extensions with 
analytically nilpotent kernel. A complete bornological algebra N is called analytically nilpotent iff 
for all small subsets 5* C N, the set UneN '5'" is small. The universal property of the extension 
J' A >—f TA -» A determines TA uniquely up to smooth homotopy. This is an important ingredient 
in the proof of the Excision Theorem. The algebra TA has the property that all (allowable) 
extensions N ^^ E -^> TA with analytically nilpotent kernel split by a bounded homomorphism. 
This can be viewed as a condition of non-singularity because of its similarity to a condition for 
smooth algebraic varieties. Since the algebra J7A is analytically nilpotent, we may consider TA 
as an "non-singular infinitesimal thickening" of A. Consequently, the process of replacing A by its 
analytic tensor algebra TA can be viewed as a "non-commutative resolution of singularities by an 
infinitesimal thickening" . 

These are the tools to handle the analytic tensor algebra. The X-complex is susceptible to 
homological algebra. It is closely related to the complex n^A/b{fl^A) — > A that computes the 
Hochschild cohomology groups HH"(A) and HH^(A). We write X/3{A) for this complex. 

The even cohomology of X{A) can be described as the space of smooth homotopy classes of 
traces on A. That is, iJ°(X(A)) is obtained by making the functor HH°(A) that associates to A the 
space of traces on A invariant under smooth homotopies. Thus we can view elements of HA (A) 



as homotopy classes of traces on TA. The universality of the extension Jk >^ TA -» A implies 
that any trace on an analytically nilpotcnt extension of A can be pulled back to a trace on TA 
whose homotopy class is uniquely determined. Thus we can view HA (A) as the space of homotopy 
classes of traces on analytically nilpotent extensions of A. 



In Section 3.2, we derive some basic results about analytic cyclic cohomology. We prove ho- 
motopy invariance for absolutely continuous homotopies and stability with respect to generalized 
algebras of trace class operators. We construct the Chern-Connes character from iiT-theory to 
analytic cyclic homology These results are quite straightforward using the techniques developed 
by Cuntz and Quillen |13|| . 



The Excision Theorem is proved using the tools mentioned above. See Section p.3.1| for an 
outline of the proof. One part of the proof is homological algebra: We have to verify that certain 
bimodules form a projective resolution and compute the associated commutator quotient complex. 
The other part is universal algebra: We have to show that a certain algebra £ is analytically 
quasi-free, that is, the natural projection T£, —^ £, has a splitting homomorphism. Such a splitting 
homomorphism is constructed explicitly using the universal property of analytic tensor algebras. 

In addition, we apply the techniques used to study analytic cyclic cohomology to periodic 
cyclic cohomology. The formalism of non-commutative resolution of singularities is available as 
well. We only have to use different notions of nilpotence and a different version of the tensor 
algebra. Actually, the right tensor algebra for periodic cyclic cohomology is not an algebra but 
a projective system of algebras. This is observed in llj]. Therefore, to handle periodic cyclic 



cohomology properly, we study it on the category of "pro-algebras" (Section 4.2). All the desirable 
homological properties, in particular excision, continue to hold in that generality. 

The connecting map in HP* for an extension K ^ E ^ Q maps HP*(K) -^ HP*+^(Q). By O) 



we expect it to map HC (K) into HC^^ ■'(Q) for a suitable function /. Puschnigg [Q shows that we 
can achieve f{k) = 3k + 3 and that this estimate is optimal for a large class of extensions, including 
the universal extensions JA ^-> TA -» A. Our proof of excision yields the same estimate and, in 
addition, more precise results concerning relative cyclic cohomology. An equivalent formulation of 
the excision theorem asserts that HP*(K) = HP*(E : Q). We obtain estimates for the dimension 



shift that occurs when switching between HC*(K) and HC*(E : Q) (Theorem 4.1). 

Appendix A.l contains some proofs omitted in Chapters. The remaining Appendices mostly 



contain well-known algebra, carried over to complete bornological vector spaces. In particular, we 
prove the homotopy invariance of the X-complex for quasi-free algebras. 



Chapter 2 

Bornologies 



This preparatory section contains a brief review of some important concepts of bornological func- 
tional analysis. We define complete bornological vector spaces, bounded linear maps, convergence 
of sequences in bornological vector spaces, completions, and completed bornological tensor prod- 
ucts and illustrate these concepts by examples. Of great interest are Frechet spaces endowed with 
the precompact or the bounded homology and vector spaces without additional structure endowed 
with the finest possible homology. Often difficult theorems of analysis are required to prove the 
assertions in the examples. Since the examples mainly serve to illustrate the definitions, we usually 
omit proofs. 

There is a close relationship between complete bornological vector spaces and inductive sys- 
tems of Banach spaces. Put in a nutshell, the category of complete bornological vector spaces is 
equivalent to a full subcategory of the category of inductive systems of Banach spaces, namely 
the subcategory of inductive systems with injective structure maps. This relationship is quite 
fundamental and used heavily throughout this thesis because it is needed to prove the existence 
of completions. In addition, it is necessary to work with inductive systems to understand the 
local cyclic cohomology of Puschnigg Q. However, as long as we deal only with non-local theo- 
ries like entire and periodic cyclic cohomology it suffices to work with bornological vector spaces. 
Therefore, we avoid direct use of inductive systems as much as possible and relegate this topic to 



Appendix A.l 



I am not sufficiently familiar with bornological analysis to comment accurately on its history. 
Let me just point out the following. The basic definitions can be found in the present form 
in Bourbaki Q. Completions and tensor products of bornological vector spaces are studied by 
Henri Hogbe-Nlend p^. Important contributions are due to Lucien Waelbroeck. Hogbe-Nlend has 
written good books about the general theory of bornological vector spaces, namely [p2l, p3], and 
The textbook [Bij is written at an elementary level. We will usually adopt the terminology 




of |24| with a few exceptions. 

It is important to avoid a prejudice in favor of the bounded homology on a topological vector 
space. The bounded homology is usually not so well-behaved. This is good for analysts. They 
can single out the good spaces from the bad ones by requiring the bounded homology to have 
some desirable property. Algebraists, however, want all objects to be well-behaved. By choosing 
a smaller homology, we can often improve the behavior of a space. For instance, the bounded 
homology on a projective tensor product V Cg)^ W of Frechet spaces may have nothing to do 
with the bounded bornologies on the factors V and W. This follows from the negative answer 
to Grothendieck's Probleme des Topologies |Tq]. However, this problem completely disappears if 
we work with the precompact homology. Moreover, the analytic cyclic cohomology of C*-algebras 
gets interesting once we endow them with the precompact homology. 
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2.1 Basic Definitions 

All vector spaces shall be over the complex numbers C. Let V be a vector space. A subset 5 C V 
is a disk iff it is circled and convex. The disked hull S^ is the circled convex hull oi S. If 5* C V is 
a disk, define the semi-normed space Vg to be the linear span of 5" endowed with the semi-norm 
II 1^ II 5 whose unit ball is S. The disk S is called norming iff V5 is a normed space and completant 
iff V5 is a Banach space. 

2.1.1 Bornologies 

Let 6 be a collection of subsets of V. We call 6 a convex (vector) homology and the pair (V, S) 
a convex bornological vector space iff the following conditions hold: 

(1) {v} e e for all V G V; 

(2) if S" G 6 and T C S", then T e 6; 

(3) if Si,S2e &, then Si + S2 E S; 

(4) as e&, then SO G S. 

We call S* C V small iff 5 G 6, avoiding the more common term "bounded". The conditions above 
imply that S*! U S'2 G S if S":, 52 G S and c ■ S" G S for aU c G C, 5' G 6. 

The homology & is separating iff all small disks S E & are norming. If & is separating, then 
we call (V, S) a separated convex bornological vector space. The homology S is completant iff each 
S' G 6 is contained in a completant small disk S' G S. If S is completant, then we call (V, 6) a 
complete bornological vector space. A completant homology is necessarily separating. 

In the following, we usually write just V for a bornological vector space and 6(V) for the 
homology on V. We let &dO^) be the family of all small disks in V. If V is complete, 6c(V) 
denotes the family of all completant small disks in V. If ^i, ^2 are (completant) small disks, then 
S1+S2 is a (completant) small disk as well. Thus 6d(V) and 6c(V) are directed sets with inclusion 
as order relation. Moreover, 6d(V) and Sc(V) are closed under arbitrary intersections. Hence we 
can well-define the completant disked hull S"' of S" C V as the smallest completant small disk 
containing S. Of course, the set S^ may fail to exist if V is incomplete. 

Example 2.1. Let V be a locally convex topological vector space. Let QSount) = 5Bounc)(V) be the 
collection of all hounded subsets of V. That is, S G 5Bounc)(V) iff S is absorbed by all neighbour- 
hoods of the origin. The bounded sets always form a convex vector homology on V called the 
bounded homology (it is called "von Neumann homology" in |Q). The homology !Bounc)(V) is 
separating if the topology of V is Hausdorff and completant if V is a complete topological vector 
space. Actually, it suffices to assume that V is "sequentially complete" . 

The case of (semi)normed spaces is particularly important. Let V be a (semi)norined space with 
unit ball B. Then S* C V is bounded iS S C c- B for some constant c > 0. We call a (semi)normed 
space with the bounded homology primitive. It is explained in Appendix |A.l| how general convex 
bornological vector spaces are pieced together out of primitive spaces. 

Example 2.2. Let V be a locally convex topological vector space. Let Comp — Comp(V) be the 
collection of all precompact subsets of V. That is, S G Comp(V) iff for all neighbourhoods of the 
origin U there is a finite set F C V such that S C F + U. If V is complete, then S* C V is 
precompact iff its closure is compact. In general, 5 C V is precompact iff its closure taken in 
the completion of V is compact. The precompact subsets £oTnp(V) always form a convex vector 
homology on V, called the precompact homology. The homology £omp(V) is separating if the 
topology of V is Hausdorff and completant if V is a complete topological vector space. 
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Example 2.3. Let V be just a vector space. The fine homology 5^ine(V) on V is the smallest 
possible vector homology on V. That is, S € g'ine(V) if and only if there are finitely many points 
Vi, . . . , v„ G V such that S is contained in the disked hull of {vi, . . . , v„}. The fine homology is 
always completant because finite dimensional topological vector spaces are complete. 

Example 2.4. The analytic tensor algebra and many other universal objects are constructed as 
follows. We start with a vector space V and a collection 6 of subsets not satisfying the axioms for 
a convex homology. The convex homology generated by & is defined as the smallest collection 6' 
of subsets of V that verifies the axioms for a convex vector homology and contains &. 

This homology always exists. It may fail to be separating and will usually not be complete. 
This can be helped in a second step by taking the completion of (V, 6'). 

2.1.2 Bounded maps 

A linear map ^ : Vi ^ V2 between bornological vector spaces is bounded iff I maps small sets to 
small sets, that is, 1{S) G 6(V2) for all S € 6(Vi). A set L of linear maps Vi — ^ V2 is equibounded 
iff L{S) := {l{x) I / e i, a; e S*} is small in V2 for all S G 6(Vi). A bornological isomorphism is a 
bounded linear map Z : Vi ^ V2 with a bounded (two-sided) inverse. 

An n-linear map Z: Vi x • • • x V„ ^ V„+i is bounded iff l{Si x • • • x 5„) G 6(V„+i) for all 
Sj G ©(Vj). A set L of rt-linear maps Vi x • • • x V„ ^ V„+i is equihounded iff L{Si x ■ ■ ■ x Sn) E 
6(V„+i) for aU Sj G 6(Vj). 

Definition 2.5. A complete bornological algebra is a complete bornological vector space A with a 
bounded, associative multiplication A x A ^ A. 

Example 2.6. Let Vj be Frechet spaces endowed with the bounded or the precompact homology. 
Then a continuous linear map Vi — > V2 is necessarily bounded and vice versa. The reason is 
that for metrizable spaces, continuity is equivalent to "sequential continuity". In other words, 
the functors QSounO and £otnp from the category of Frechet spaces to the category of complete 
bornological vector spaces are fully faithful. 

This carries over to multi-linear maps. An n-linear map Vi x • • • x V„ — > V„+i is bounded if and 
only if it is jointly continuous. This is related to the fact that for Frechet spaces, separately con- 
tinuous multi-linear maps are automatically jointly continuous. Hence a Frechet algebra, endowed 
with cither the bounded or the precompact homology, is a complete bornological algebra. 

Example 2. 7. A locally convex topological vector space V is an LF-space iff there is an increasing 
sequence (KOneN of subspaces of V such that each Vn is a Frechet space with respect to the subspace 
topology, U Ki = ^, and V carries the finest locally convex topology making the inclusions Vn ^ V 
continuous for all n G N. Thus a linear map V —^ W with locally convex range W is continuous iff 
its restriction to Vn is continuous for all n G N. A bounded subset of an LF-space V is necessarily 
contained in a Frechet subspace Vn for some n G N (see ||37|l). 

Let Vj be LF-spaces. Endow all V^ with the bounded or the precompact homology. Then 
an n-linear map / : Vi x • • • x V„ — > V„_|_i is bounded if and only if it is separately continuous. 
Indeed, boundedness easily implies separate continuity. Conversely, separate continuity implies 
joint continuity for Frechet spaces. Hence the restriction of I to all Frechet subspaces of Vi x • • ■ x V„ 
is jointly continuous and therefore bounded. Since a bounded subset of an LF-space is already 
contained in a Frechet subspace, the map I is bounded. 

Thus bounded bilinear maps need not be jointly continuous. We call LF-spaces with a separately 
continuous associative multiplication LF-algebras. Thus an LF-algebra is a complete bornological 
algebra with respect to either the bounded or the precompact homology. 
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Interesting LF-algebras are the convolution algebras of compactly supported smooth functions 
on smooth groupoids. For instance, endow the LF-space C^(M) of smooth compactly supported 
functions on the real line with the convolution product 



(/*5)(t)= / f{s)g{t-s)ds. 



It is easy to verify that this multiplication is separately continuous but not jointly continuous. To 
prove the latter assertion, consider the continuous seminorm 

P(/):=El/^"^HI V/eC-(M). 

nGN 

Assume that there are continuous scminorms qi,q2 on C^(M) with p(f * g) < qi{f) ■ 92(5)- Re- 
strict qi to functions with support in [—1,1]. By continuity, this restricted seminorm qi{f) can 
only take into account suprema of a finite number of derivatives of /. Hence, for sufficiently big n, 
we have no control on the nth derivative of / near 0. Since (/ * g)*-"-* = /^"-' * g, the modulus of 
(/ * 9) {^) can become arbitrarily big while qi{,f) ■ q2{g) remains bounded. 

Example 2.8. Let Vj be fine spaces and let W be an arbitrary convex bornological vector space. 
Then any n-linear map Vi x • • • x V„ ^ W is bounded. Consequently, the functor ^im that 
associates to a vector space V the bornological vector space (V, S^ine) is a fully faithful functor from 
the category of vector spaces to the category of complete bornological vector spaces. Any algebra 
becomes a complete bornological algebra when endowed with the fine bornology. 

Example 2.9. Assume that the bornology of V is the convex bornology generated by a collection & 
of subsets of V. Then a finear map ^ : V ^ W is bounded iff 1{S) e 6(W) for aU 5 e 6. 

2.1.3 Bornological convergence 

A sequence (v„)„gN in a convex bornological vector space V is (bornologically) convergent towards 
Voo G V iff there is a null-sequence of scalars (en)neN and a small set S G 6(V) such that v„ — Vqo G 
EnS for all n G N. Equivalently, there is a small disk S G S(V) such that v„ G V5 for all n G NU{oo} 
and lim„^oo ||v„ - Voo||s = 0. 

A subset S* of a bornological vector space V is (bornologically) closed iff it is sequentially closed 
for bornologically convergent sequences. The bornologically closed sets satisfy the axioms for the 
closed sets of a topology (though in general not a vector space topology) . Hence the (bornological) 
closure of a set is well-defined. The closure of a vector subspace is again a vector subspace. 
Bounded maps respect convergence of sequences and therefore are continuous with respect to the 
topology defined by the bornologically closed sets. 

Bornological Cauchy sequences and absolutely convergent series are defined as Cauchy sequences 
or absolutely convergent series in V5 for a suitable small disk 5*. 

Example 2.10. In a Frechet space (or an LF-space), a sequence (v„) converges with respect to the 
topology if and only if it is bornologically convergent with respect to the bounded or precompact 
bornology. Hence a subset of a Frechet space is bornologically closed iff it is topologically closed. 

Example 2.11. In a fine space V, a sequence (v„) converges iff all v„ arc in a fixed finite dimensional 
subspace and converge in that finite dimensional subspace. Thus a subset 5 C V is bornologically 
closed iff its intersection with all finite dimensional subspaces is closed in the usual sense. 

Warning 2.12. Let V be a complete bornological vector space. A completant subset of V need not 
be closed. Hence the closed disked hull of a subset S, defined as the smallest closed disked subset 
of V containing S, may be bigger than the completant disked hull S"^ . We will not use closed 
disked hulls at all. 
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Warning 2.13. In most applications coming from topological vector spaces, the bornological closure 
of a small set is again small. For example, the closure of a bounded or precompact set is bounded 
or precompact, respectively. However, in general the closure of a small set need not be small. 

2.2 Constructions with bornological vector spaces 

Most constructions that can be done with ordinary vector spaces can be carried over to the category 
of (complete) bornological vector spaces. There are direct products^ direct sums, projective limits, 
and inductive limits. These are defined by the well-known universal properties. We should not 
bother about these rather abstract matters before we really need them. Therefore, the discussion 



of these constructions is relegated to Appendix A. 1.1. See also 



2.2.1 Subspaces, quotients, extensions 

There are natural bornologies on subspaces and quotients. Thus a bounded linear map has a kernel 
and a cokernel. Let V be a complete bornological vector space and W C V a vector subspace. A 
subset S* C W is small in the subspace bomology iff 5 G 6(V). A subset S C V/W is small in 
the quotient bomology iff 5* = T mod W for some T S ©(V). The subspace homology on W is 
completant iff W is bornologically closed in V. The quotient homology on V/W is completant iff 
it is separating iff W is bornologically closed. 

Example 2.14. Let T^ be a topological vector space and W C V a subspace, endowed with the 
subspace topology. The subspace homology induced by Sounc)(V^) is equal to ^ound{W). The 
subspace homology induced (E.omp{V) is equal to 2^omp(W^). That is, a subset of W is bounded 
(precompact) in the subspace topology iff it is bounded (precompact) as a subset of V. 

Example 2.15. Let V^ be a Frechet space and let M^ C F be a closed subspace. Then the quotient 
homology on V/W induced by Comp(F) is equal to £omp(F/M^). That is, a precompact subset 
of the Frechet space V/W is the image of a precompact subset of V. This is an important and 
non-trivial theorem of functional analysis. It fails if V is not metrizable. 

Moreover, it fails for the bounded homology. There may be a bounded subset of V/W that 
cannot be lifted to a bounded subset of V. 

Example 2.16. The quotient and subspace bornologies induced by a fine homology are always fine. 

An important use of subspace and quotient bornologies is to formulate the general concept of 
an extension. A diagram 

V' ^^ V ^ V" 

with complete bornological vector spaces V, V,V" and bounded linear maps i,p is called an ex- 
tension (of complete bornological vector spaces) iff i : V — > V is a bornological isomorphism onto 
its image, endowed with the subspace homology from V; p o i = 0; and the map V/i(V') -^ V" 
induced by p is a bornological isomorphism. 

A bounded linear section for an extension is a bounded linear map s : V" -^ V such that pos — id. 
The existence of a bounded linear section implies that V = V V" as bornological vector spaces. 
The vector spaces in an extension often carry additional structure: they are algebras or complexes. 
Unfortunately, most tools of universal algebra and homological algebra only apply to extensions 
with a bounded linear section. The bounded linear section is used as raw material to construct 
homomorphisms or chain maps. 

Definition 2.17. We briefly write (i,p): V ^ V ^ V" or V >-» V ^ V" iff V, V, V",z,p form 
the data of an extension. An extension is called allowable iff it has a bounded linear section. 



2.2. CONSTRUCTIONS WITH BORNOLOGICAL VECTOR SPACES 13 



2.2.2 Completions 

We define the completion V^ of a convex bornological vector space V as tlie universal complete 
target for bounded linear maps out of V. That is, V^ is a complete bornological vector space with 
a bounded linear map t] : V — > V^ such that any bounded linear map ^ : V — > W with complete 
range W can be factored uniquely as ^ o t] for a bounded linear map F : y^ ^ W. This universal 
property determines V^ and the map t] : V -^ V*^ uniquely up to bornological isomorphism. The 
completion is introduced by Hogbe-Nlend in |^. To construct the completion explicitly, we have 
to use the relationship between bornological vector spaces and inductive systems. Therefore, the 



proof of existence of completions is relegated to Appendix A.l. There we also prove that we can 
"extend" bounded multi-linear maps to completions: 

Lemma 2.18. Let Vi, . . . , V„ be convex bornological vector spaces and let \N be a complete borno- 
logical vector space. Let / : Vi x • • • x V„ -^\N be a bounded n-linear map. Then there is a unique 
bounded n-linear map /'^ : V'j; x • • • x VJj ^ W such that T o ([]i x • • • x l]„) = L 

Furthermore, if L is an equibounded set of n-linear maps Vi x • • • x V„ ^ W, then the set of 
extensions L'^ :— {l'^ \ I £ L} is an equibounded set of n-linear maps Z'^ : V^ x • • • x VJ^ — > W. 

In particular, the completion of a bornological algebra is a complete bornological algebra. The 
completion in the bornological framework is not as well-behaved as the completion of a locally con- 



vex topological vector space. Therefore we will mainly use its universal property and Lemma 2.1^ 



In some places, we need the following concrete information about the homology of the completion: 

Lemma 2.19. Let V be a convex bornological vector space and let [\ : \/ —> V^ be the natural map. 
Each small subset ofy^ is contained in ([](5')) for suitable S G ©(V). In particular, each point 
ofy^ is contained in a set of the form {[\{S)) . 



Proof. This follows immediately from the explicit construction of the completion in Appendix 
Alternatively, it can be deduced from the universal property as follows. Consider the subspace V 
of V'^ spanned by the sets of the form {\\{S)) . Endow it with the homology 6' of all subsets of 
sets of the form (1^(5')) . Verify that (V',S') is a complete bornological vector space and show 
that the universal property of V^ implies that (V, &') has the universal property as well. D 

Warning 2.20. The most serious problem with completions is that the natural map 1^: V — > V^ 
may fail to be injective. Therefore, the phrase that "Z'^ extends T' should not be taken too literally. 

Example 2.21. There is a separated convex bornological vector space V such that the only bounded 
linear map Z : V ^- W with complete range W is the zero map. Thus V'^ = {0} is the zero space. 
The following example is taken from pj| . 

Let V = t • C[i] be the vector space of polynomials without constant coefficient. For all e > 0, 
let ||/||e be the maximum of the polynomial / S t ■ C[i] on the interval [0, e]. This is a norm for 
each e > 0. A subset S* C V is declared small iff ||5'||e < oo for some e > 0, that is, S is bounded 
with respect to the norm ||i^||e for some e > 0. This defines a separated convex homology on V. 
Let Z : V — > W be a bounded linear map with complete range W. We claim that ^ = 0. 

Let Ve be the completion of V with respect to the norm ||lj||(:. Thus V^ is isomorphic to 
Co(]0, 1]). Since W is complete, we can extend I to a bounded linear map Ic'-^e ^^ W. Pick 
a continuous function / G V^ vanishing in a neighborhood of 0. Then / is annihilated by the 
restriction map r^ e' : V^ — » \/^i for suitably small e' G ]0, e[. However, /^ = l^i or^^^i factors through 
this restriction map. Hence lc{f) = 0. Since /(O) = for all / G V^, the space of functions 
vanishing in a neighborhood of is dense in V^. Thus l^ — Q and hence I — 0. 

Example 2.22. Let V be a primitive space. Then V"^ is naturally isomorphic to the Hausdorff 
completion of V. It is elementary to verify the universal property. 
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Example 2.23. Let 1^ be a Frechet space and let W^ C F be a dense subspace, endowed with the 
precompact bornology. Then the completion of W is equal to V, endowed with the preconipact 
bornology. Since (V, Comp) is complete, the inclusion W ^ V induces a natural bounded linear 
map I : (W, £omp)^ — * {V, (Lamp). The assertion is that this map is a bornological isomorphism. 

All precompact subsets of V are contained in a set of the form S"^ with a precompact set 
S C W. In fact, we can choose for S the points of a null-sequence in W. This implies at once 
that I is a quotient map. That is, I is surjective and each small subset of (V, £omp) is the image 
of a sm all su bset of {W, Comp)*^. It remains to show that I is injective. This follows easily from 



Lemma A. 5 and the observation that topological and bornological null-sequences are the same 
both in (F, Comp) and (H/, Comp). 

If we have a subset 5* C V of a bornological vector space, we define its linear span lin S C V 
to be the vector subspace of V generated by S endowed with the subspace bornology from V. The 



completant linear hull linS is defined as the completion of linS*. By Lemma A. 5 , if V is complete 
then we have natural injective bounded linear maps lin S —>■ lin S* ^ V. 

Warning 2.24. There is no reason to believe that the "completion bornology" on linS' is the sub- 
space bornology from V. This would imply that lin 5* is a bornologically closed subspace of V. 
However, each point in lin 5 is the limit of a sequence in linS*. In general, there may be points in 
the bornological closure of lin 5* that are not limits of sequences. 

Thus the completant linear hull of S has to be distinguished from the closed linear span of S 
in V. We will not use closed linear spans unless they are equal to completant linear hulls. 

2.2.3 Completed bornological tensor products 

The completed (bornological) tensor product Vi (g) V2 of two convex bornological vector spaces is 
defined as the universal complete target for bounded bilinear maps Vi x V2 ^ li. That is, part 
of the structure of Vi (8) V2 is a bounded bilinear map 6: Vi x V2 ^ Vi ^ V2; the bornological 
vector space Vi (8) V2 is complete; and composition with b gives rise to a bijection between bounded 
linear maps Vi V2 ^ W and bounded bilinear maps Vi x V2 -^ W for all complete bornological 
vector spaces W. This universal property determines Vi di V2 and b uniquely up to bornological 
isomorphism. 

To construct Vici)V2, first endow the algebraic tensor product V10V2 with the convex bornology 
generated by the bismall sets 6*1 (8'<S'2 = {vi (>5V2 | vi G S'l, V2 £ S2}. Thus a subset S* C Vi (g) V2 is 
small if and only if it is contained in the disked hull of a bismall set. We always endow Vi (g) V2 with 
this bornology. It is usually not complete but has the right universal property for a tensor product 
in the category of convex bornological vector spaces. Hence the completion Vi (|)V2 := (Vi (^\/2T is 
a model for the completed bornological tensor product. The universal property follows immediately 
from the universal property of completions and of Vi ® V2 . It is clear that Vi V2 is functorial 
for bounded linear maps in both variables. 

Proposition 2.25. The completed tensor product is associative. The n-fold completed tensor prod- 
uct Vi (g) . . . (g) V„ is universal for bounded n-linear maps Vi x • • • x V„ —>■ W with complete range W. 

Associativity appears to be a trivial property but one should not take it for granted. It fails for 
Grothendieck's completed inductive tensor product ®j that is universal for separately continuous 
bilinear maps |18|] . The reason is that separately continuous bilinear maps may fail to extend to 
the completions. Hence (Vi ®i C) (§)i V2 and Vi Cg^ (C ®i V2) need not be isomorphic. 

Proof. The corresponding assertions for the uncompleted tensor product are easy. It is clear that 
the homologies on (Vi (g V2) (g V3 and Vi (g) (V2 (g V3) coincide with the bornology generated by 
the trismall sets Si ^ S2 ® S3. Thus the uncompleted bornological tensor product is associative 
and the n-fold uncompleted tensor product is universal for bounded n-linear maps. 
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To carry this over to the completed tensor product, we have to extend bounded multi-linear 



maps to the completions. Lemma 2.18 implies that V^; (8)V| = (Vi (^\/2T for all convex bornological 
vector spaces because both sides are complete bornological vector spaces universal for bounded 
bihnear maps Vi x V2 ^ W with complete range W. Especially, Vi (g) (V2 V3) = (Vi (g) (V2 ® Vs))'^ 



Proposition 2.25| follows. D 



The functor (§3 is additive, even for infinite sums. It commutes with inductive limits, that 
is, (limVi) (g) W = lim(Vi W) for all inductive systems of complete bornological vector spaces 



(Vi)ig7 and complete bornological vector spaces W. This follows from (A^). However, eg) does not 
commute with infinite direct products. 

Lemma 2.26. Let A and B be complete bornological algebras. Then the natural multiplication 
makes A (g B a complete bornological algebra. 

Proof. View the multiplications in A and B as bounded linear maps A(g)A-^A, BcgB^ B. Then 
we can tensor them to get a bounded linear map A(g)A(g)B(g)B^A(g)B. Up to a flip of the tensor 
factors, this is the linearized version of the natural multiplication in the tensor product. Hence the 
natural multiplication is bounded. D 

Example 2.27. Let Vi and V2 be fine spaces. The completed bornological tensor product Vi eg V2 
is naturally isomorphic to the algebraic tensor product Vi (g) V2 endowed with the fine homology. 

Example 2.28. Let Vi and V2 be primitive spaces. Then Vi (g V2 is naturally isomorphic to the 
completed projective tensor product Vi (gj^r V2 endowed with the primitive homology. In fact, this 
is the definition of the projective tensor product ||lq| . 

The example of Frechet spaces deserves to be called a theorem. 

Theorem 2.29. Let Vi and V2 be Frechet spaces and let Vi (g^r V2 be their completed projec- 
tive tensor product / [7q/ . The natural bilinear map t] : Vi x V2 ^ Vi Cg^r V2 induces bornological 
isomorphisms 

(Vi, Comp) g) (V2, Comp) ^ (Vi (g^ V2, (Tomp); 
(Vi, SounO) g) (V2, SounO) ^ (Vi g)^ V2, ©). 

Here 6 denotes the bornology of all S* C Vi (gjr V2 that are contained in a set of the form {Bi ® B2) 
with bounded sets Bi G Q3ouni)(Vi) and B2 £ Q3ount)(V2). 

The bornology 6 is equal to Q5ount)(Vi Cg^ V2) in the following cases. If both Vi and V2 are 
Banach spaces; if V2 is arbitrary and Vi — L^{M,^) is the space of integrable functions on a 
locally compact space with respect to some Borel measure; or if V2 is arbitrary and Vi is nuclear. 



This theorem is proved in Appendix A. 1.4. Although I have not found Theorem 2.2£ in the lit- 
erature, it may be known to the experts. The proof is an application of Grothendieck's fundamental 
theorems about compact subsets of projective tensor products of Frechet spaces. 

Corollary 2.30. Let Vi and V2 be nuclear LF-spaces. Then (Vi,Q3oun^) (g> (V2,!BounD) is iso- 
morphic to Grothendieck's inductive tensor product \/i®u\l2, endowed with the bounded bornology. 
The inductive tensor product Vi (gt V2 is again a nuclear LF-space. 



This corollary is proved in Appendix A. 1.4 
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Example 2.31. If M is a smooth manifold, denote by C'^{M) the LF-space of smooth compactly 
supported functions on M. We endow G'^{M) with the bounded homology, which equals the 
precompact homology. Thus S G 6(CJ?°(A/)) iff there is a compact subset K C M such that all 
functions f £ S have support in K and all total derivatives D^"^/, / G S*, are uniformly bounded 
on K. The space C^(M) is nuclear. Therefore, Corollary 2.30| implies that 



C^iM) C^iN) ^ C^(M X N) 
for all smooth manifolds M, N. 

2.2.4 Spaces of bounded linear maps 

It is clear that the bounded linear maps Vi -^ V2 form a vector space i3(Vi; V2). The equibounded 
families of linear maps Vi -^ V2 form a convex homology £qui(Vi; V2) on i3(Vi; V2). We always 
endow i3(Vi; V2) with this homology. It is separating if V2 is separated and completant if V2 is 
complete. To prove the completantness, take an equibounded subset S C ;B(Vi; V2). If Ij G S, 
Xj G C, X^l-^jl — 1' then the series J^'^j^j converges pointwise on Vi. The pointwisc limit of 
^ Xjlj is a bounded operator Vi — > V2, and the set of all limits of such series is an equibounded 
completant small disk in B{\/i; V2). 

Composition of linear maps gives rise to a bounded bilinear map 

H(V2;V3)xS(Vi;V2)-^S(Vi;V3) 

because Si o ^2 is equibounded if both Si and 6*2 are equibounded. In particular, 

Proposition 2.32. Let y be a complete bornological vector space. Then Biy) :— S(V;V) is a 
com,plete bornological algebra. 

There is a natural bornological isomorphism ;B(C;V) = V. The evaluation of linear maps is a 
bounded bilinear map S(Vi; V2) x Vi ^ V2. 

Proposition 2.33. The Junctors ® and B are related by adjoint associativity. That is, there is a 
natural bornological isomorphism 

S(Vi ® V2; V3) - S(Vi; 6(V2; V3)). (2.1) 

Proof. An equibounded family of bounded linear maps Vi (g) V2 — > V3 corresponds to an equi- 
bounded family of bounded bilinear maps Vi x V2 — » V3 . By definition, boundedness for bilinear 
maps 6: Vi x V2 ^ V3 means that if we fix 5*1 G S(Vi) and let Vi vary in Vi, then the family of 
linear maps V2 — > V3, V2 1— > 6(vi,V2) maps any small set S2 G S(V2) into a small set in V3. This 
is precisely the condition for a subset of B{\/i;B{\/2] V3)) to be equibounded. D 

2.2.5 Smooth and absolutely continuous homotopies 

We need tensor products mainly to handle homotopies. A smooth homotopy is a bounded ho- 
momorphism A -^ C°°([0, 1]) (X> B. Although we do not need any concrete information about 
C°°([0, 1]) ® B for the purposes of the general theory, it is helpful to describe how this space looks 
like in the familiar examples. Besides smooth homotopies, we consider absolutely continuous ho- 
motopies. These are not needed for the general theory but are more general and easier to handle 
than smooth homotopies. 

The Frechet algebra C°°([0, 1]) is endowed with the bounded homology, which equals the pre- 
compact homology. If A is a complete bornological algebra, we define 

C°°([0,1];A) :=C°°([0,1])«)A. 
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This is again a complete bornological algebra. For t £ [0, 1], let evt : C°°([0, 1]) ^ C be evaluation 
at t. We get induced bounded homomorphisms evf := ev^ ® idA: C°°([0, 1]; A) —^ A. 

A smooth homotopy is a bounded homomorphism <i>: A — > C°°([0, 1]; B). For t G [0, 1], let <i>t := 
evt o $. One can check that <& is determined uniquely by the map [0, 1] i-^ 6(A; B), t ^— *■ $t. Two 
bounded homomorphisms 0o, '/'i : A — > B are smoothly hom,otopic iff there is a smooth homotopy 
$: A ^ C°°([0, 1]; B) such that $* = 0t for t = 0,l. 

Smooth homotopy of homomorphisms is an equivalence relation. It is not quite obvious that 
it is transitive. This is proved by Cuntz in f^. The idea is to reparametrize the interval [0, 1] by 
an increasing smooth bijection h: [0, 1] — > [0, 1] with the property that h'-^^\t) = for all n G N, 
t — 0,1. In this way, any smooth homotopy A — » C°°([0, 1];B) can be replaced by a smooth 
homotopy H: A ^ C°°([0, 1];B) with the additional property that 7j(")(i) = for all n £ N, 
t = 0,1. Homotopies H,H' with this additional property and Hi = Hq can be glued together 
without producing a jump in the derivatives at the gluing point. 

Example 2.34. Let V and W be Frechet spaces. Let & be the precompact or the bounded homology. 
Theorem ^implies that C°°([0, 1])®(W, 6) ^ (C°°([0, 1])®^W, e) because C°°([0, 1]) is nuclear. 



Furthermore, the projective tensor product C°°([0, 1]) ^^ W is isomorphic, as a topological vector 
space, to the space of smooth functions [0, 1] — > W with the natural topology (see [p7|). 

The functor V t-^ (V, 6) from Frechet spaces to complete bornological vector spaces is fully 
faithful. Thus there is a bijection betwen bounded linear maps (V, S) ^ C°°([0,1]; (W, S)) and 
continuous linear maps V -^ C°°([0, 1]) (^t^ W. Hence we get the usual notion of smooth homotopy. 

Unfortunately, analytic and periodic cyclic cohomology are not invariant under arbitrary con- 
tinuous homotopies. We need a certain amount of differentiability. Actually, we do not need more 
than just one derivative, and we only need the derivative to be Lebesgue integrable. 

Let AC([0, 1]) be the completion of C°°([0, 1]) with respect to the norm 

ll/lUc := 1/(0)1 +r I/' (i)|di, 
Jo 

where dt is the usual Lebesgue measure. Let i^([0, 1]) := L^{[0,l];dt) be the Banach space of 

functions on [0, 1] that are integrable with respect to Lebesgue measure, with the standard norm 

ll^lli := J^\g(t)\dt. Let d/dt: C°°([0, 1]) -^ C°°([0,1]) C LHP,!]) be the differentiation map 

/ i~> /'. The norm ||Li||ac is defined so as to make the linear map {evQ,d/dt): C°°([0,1]) — * 

C © L^([0, 1]) isometric. Its range is dense. Hence we get an isomorphism of Banach spaces 

AC([0, 1]) = C©L^([0, 1]). We endow AC([0, 1]) with the bounded homology. The evaluation maps 

evt: C°°([0,1]) ^C extend to AC([0,1]) in a bounded way because |evt(/)| = |/(0) + /o /'(s) ds| < 

ll/llac- It follows easily that ||/g|| < 2||/|| • \\g\\. Hence AC([0,1]) is a Banach algebra. Let 

/: [0,1] -^ C. Then / e AC(to,l]) iff /' exists almost everywhere and /' G L^{[0,1]). This is 

equivalent to / being absolutely continuous. 

Let A be a complete bornological algebra. Define AC([0, 1]; A) :— AC([0, 1]) (g) A. This is again 

a complete bornological algebra. An absolutely continuous hom,otopy is a bounded homomorphism 

<1>: A — > AC([0, 1]; B). Two bounded homomorphisms (/)o, </>! : A — > B are AC-homotopic iff there 

is an absolutely continuous homotopy $: A ^ AC([0, 1]; B) such that $4 = 0t for t = 0, 1. It is 

trivial that AC-homotopy is an equivalence relation. 

Example 2.35. Let V be a Frechet space endowed with the bounded homology. Theorem 2.29| 

yields a bornological isomorphism 

AC([0, 1]) © V = V © L\[0, 1]) V ^ V © L\[0, 1]) ©^ V ^ V © L\[0, 1]; V). 

All spaces above carry the bounded homology. The space L^([0,1];V) is the space of Lebesgue 
integrable functions [0, 1] -^ V, see Q. Thus AC([0, 1]; V) can be computed quite explicitly. This 
is an advantage of AC([0, 1]) over the algebra of continuously differentiable functions C^([0, 1]). 



Chapter 3 

Analytic cyclic cohomology 



3.1 Analytic tensor algebras and analytically nilpotent al- 
gebras 

We define the analytic differential envelope fianA of a complete bornological algebra A as the 
completion of the usual differential envelope flA with respect to a certain homology. We refer the 
reader to [pj for a discussion of the algebra flA over a non-unital algebra A. Cuntz and Quillen 
||l2| , [ |l3| work with unital algebras and therefore use a slightly different definition of Vlk. The 
analytic tensor algebra Tl\ is defined as the even part of rJanA endowed with the Fedosov product 
as multiplication. Thus TA is a completion of the purely algebraic tensor algebra TA with respect 
to a certain homology. The idea that the Fedosov product on Vik can be used to obtain the tensor 
algebra of A is due to Cuntz and Quillen jl^ . 

Let TA : TA — > A be the natural projection that sends a differential form to its degree compo- 
nent. The kernel Jk := KerrA is the ideal of even forms of degree at least 2. The bounded linear 
map (TA : A -^^ Vf'k C TA is a natural section for ta. Thus we get a natural allowable extension 
of complete bornological algebras 

Jk> ^ TA ^^. A. (3.1) 

Analytic cyclic cohomology is defined as the cohomology of the X-complex of TA. Thus we 
divide the definition of analytic cyclic cohomology into two steps, the functor T and the X-complex 
functor. The X-complex is a rather small object and can be handled by techniques of homological 
algebra. The main problem is to understand the analytic tensor algebra TA. Following Cuntz and 
Quillen [Q, we interpret TA as a "resolution of singularities" of A. 

To fill this philosophy with meaning, we have to explain the notion of "non-singularity" that 
is relevant here. In algebraic geometry, there is the following criterion for an affine variety to be 
smooth. The commutative algebra A describes a smooth affine variety iff each extension N ^-> 
E ^> A oi commutative algebras with nilpotent N can be split by a homomorphism A ^> E. We 
can carry over this definition to non-commutative spaces by simply dropping the commutativity 
assumption. An algebra that has the property that all (non-commutative) nilpotent extensions of 
it split by a homomorphism is called quasi-free by Cuntz and Quillen WM . Quasi- free algebras can 



be characterized by several equivalent conditions (A. 15). Most notably, an algebra is quasi- free 
iff it has Hochschild homological dimension at most 1. In particular, a commutative algebra is 
quasi- free iff it is smooth and at most 1- dimensional. 

18 
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An algebra N is nilpotent iff N*^ — {0} for some fc G N. This notion of nilpotence and the 
corresponding notion of quasi-freeness is purely algebraic and not related to the analytic tensor 
algebra. Therefore, we have to consider a larger class of "nilpotent" algebras. 

Definition 3.1. A convex bornological algebra N is analytically nilpotent iff 

S°° := IJ 5" 

is a small subset of N for all S £ 6(N). 

We usually abbreviate the adverb "analytically" by the prefix "a-" , writing a-nilpotent instead 
of analytically nilpotent. 

Let N be a complete a-nilpotent algebra. If 5 G S(N), then c- S G 6(N) for all c G K and hence 
{c ■ S)°° = IJc^S*" is small. Thus all elements x G N have "spectral radius zero" in the following 
sense. Let ©({O} C C")o be the algebra of germs of analytic functions / in a neighborhood of 
the origin in C" satisfying /(0) = 0. Ifxi,...,2:„GN are commuting elements, then there is a 
well-defined bounded functional calculus ©({O} C C")o — > N for the elements xi, . . . , Xn- We may 
interpret the definition of analytic nilpotence as the condition that we have a functional calculus 
for "germs of non-commutative analytic functions in infinitely many variables" , as long as these 
variables all remain in a fixed small set S C N. 

Definition 3.2. A complete bornological algebra R is analytically quasi-free iff there is a bounded 
homomorphism f: R — > TR that is a section for tr : TR — > R. That is, tr o t; = idR. 

Definition 3.3. An analytically nilpotent extension (of A) is an allowable extension of complete 
bornological algebras N ^^ E ^ A with a-nilpotent kernel N. 

A universal analytically nilpotent extension (of A) is an allowable extension of complete borno- 
logical algebras N ^^ R ^> A with a-nilpotent N and a-quasi-free R. 

We will see below that a complete bornological algebra R is a-quasi-free iff each a-nilpotent 
extension N ^^ E ^> R has a bounded splitting homomorphism. Thus analytic quasi-freeness is the 
notion of "non-commutative non-singularity" corresponding to analytic nilpotence. The advantage 



of Definition 3.2 is that it is easier to verify. 



The geometric picture behind Definition 3.3 is that of an infinitesimal thickening and a resolu- 
tion of singularities. An extension N ^-> R ^> A can be viewed as an embedding of the geometric 
space A corresponding to A as a closed subspace of the space R corresponding to R. The com- 
plement R \ A is the space N described by the algebra N. The analytic nilpotence of N can be 
interpreted as saying that the space N is infinitesimally small (think of the commutative examples 
0(10} C C")o). The algebra E in an a-nilpotent extension N ^^ E ^> A can therefore be viewed 
as an "infinitesimal thickening" of A. A universal a-nilpotent extension may be thought of as a 
non-commutative resolution of singularities by an infinitesimal thickening. 

These definitions help to improve our understand of the analytic tensor algebra TA because 



the extension J^A ^-» TA -» A in (3.1) is a universal a-nilpotent extension of A. In particular, 
such universal a-nilpotent extensions exist. Furthermore, as the name universal suggests, there is 
essentially only one universal a-nilpotent extension of A. More precisely, A may have many universal 
a-nilpotent extensions, but they are all smoothly homotopy equivalent. This is the assertion of the 



Uniqueness Theorem 3.29. The notion of smooth homotopy equivalence of extensions is explained 
below and implies that the entries of the extension are smoothly homotopy equivalent. Thus if 
N ^-> R — » A is any universal analytically nilpotent extension of A, then R is smoothly homotopy 



equivalent to TA. This consequence will be used in the proof of the Excision Theorem 3.4S 
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The Uniqueness Theorem allows us to extend homology theories from "non-singular" spaces 
to arbitrary spaces by a resolution of singularities. A homology theory for non-singular spaces 
is simply a smooth homotopy functor F from the category of analytically quasi-free algebras to, 
say, Abelian groups. Such a homology theory can be extended to arbitrary complete bornological 
algebras by putting F(A) :— F{R), where R is any non-singular infinitesimal thick enin g of A. In 



fact, we can take the standard choice R = TA and put F{A) := F{TA). In Section 3^ we choose 
for F the cohomology of the X-complex to obtain analytic cyclic cohomology. 

A similar method can be applied to define the de Rham homology of singular algebraic varieties. 
For smooth varieties, we can define de Rham homology by the de Rham complex of differential 
forms. For singular varieties, this is not the right definition. Instead, the singular variety S is 
embedded in a smooth variety R. The de Rham complex of R is "localized at the subvariety S" . 
Roughly speaking, we consider germs of differential forms in a neighborhood oi S C R. The 
cohomology of this localized de Rham complex is taken as the de Rham homology of S. 

The results of this section depend on the close relationship between analytic tensor algebras 
and a-nilpotent algebras. The mediator between them is the notion of a lanilcur. This name is an 
abbreviation for bounded linear map with analytically nilpotent curvature. 

The curvature of a bounded linear map Z : A — > B between complete bornological algebras is 
the bounded bilinear map w; : A x A — > B defined by 

wz(ai,a2) := l{ai ■ 32) - li^i) ■ l{a2)- (3.2) 

We often view lji as a bounded linear map w; : A ® A ^ B. The curvature measures the deviation 
of / from being a homomorphism. 

Definition 3.4. A bounded linear map Z : A -^ B is a lanilcur iff its curvature is a-nilpotcnt in 
the sense that lui{S, 5")°° C B is smaU for aU 5 G 6(A). 

The machinery of universal nilpotent extensions applies to other situations as well, where we 
have analogues of a-nilpotent algebras, lanilcurs, and analytic tensor algebras. We will examine the 



case of "pro-algebras" in Section 4.1. To minimize the number of results that have to be checked 
again, we proceed axiomatically and base everything on a few results. These are called "axioms" 
to distinguish them from those results that follow from the axioms. 



The first axiom p. 16 is the universal property of TA. If a bounded linear map Z : A — > B 



between complete bornological algebras is a lanilcur, then there is a unique bounded homomorphism 
[IJ : TA -^ B extending / in the sense that {IJo a/^ = I. In addition, linear maps of the form / o cta 
for a bounded homomorphism / : TA — > B are automatically lanilcurs. Thus the analytic tensor 
algebra can be defined as the universal target for lanilcurs. This determines the algebra TA and 
the linear map a^'. A —f TA uniquely up to isomorphism. Conversely, we can define lanilcurs as 
those linear maps that can be extended to bounded homomorphisms TA -^ B. Thus lanilcurs and 
analytic tensor algebras determine each other. 



The second axiom 3.19 is that the kernel J' A of the extension (3.1) is always a-nilpotent. The 
third and fourth axioms 3.20 and ^.21 relate a-nilpotent algebras and lanilcurs. They imply that 



nilpotent algebras are a-nilpotent and that an algebra N is a-nilpotent iff each bounded linear map 
into it is a lanilcur. Thus a-nilpotent algebras are determined if we know the definition of lanilcurs. 
Conversely, lanilcurs are determined if we know the definition of a-nilpotent algebras. A bounded 
linear map Z : A -^ B is a lanilcur iff its curvature can be factored as w/ = f o u;' with a bounded 
homomorphism /: N — > B, a bounded linear map a;': A ® A — > N, and a-nilpotcnt N. 



Finally, we need the Extension Axiom 3.12 and the Homotopy Axiom 3.15, asserting that the 
class of a-nilpotent algebras is closed under forming extensions and tensor products with C°° ([0, 1]). 
The Extension Axiom is equivalent to the assertion that the composition of two lanilcurs is again 
a lanilcur and implies that analytic tensor algebras are a-quasi-free. We prove these axioms and 
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reduce all other results to them. The first main consequence is the Universal Extension The- 



orem 3.28. It asserts that universal a-nilpotent extensions satisfy a universal property among 



arbitrary a-nilpotent extensions, with uniqueness up to smooth homotopy. The Uniqueness Theo- 



rem 3.29 asserts that all universal a-nilpotent extensions are smoothly homotopy equivalent. This 
is a straightforward consequence of the universal property. Moreover, we get some equivalent 
characterizations of a-quasi-free algebras (Theorem 3.30 ). 

We use the universal property of TA to determine the TA-bimodule ri^(TA). This will be 
needed to determine the X-complex of TA. The idea of this proof goes back to Cuntz and Quillen 
[|2[ Proposition 2.6]. A more concrete proof is relegated to the Appendices. The advantage of 
the universal algebra proof is that it easily generalizes to other tensor algebras that are related to 
different notions of nilpotence. 

Since the composition of two lanilcurs is again a lanilcur, they form the morphisms of a category. 
The functor T is naturally defined on the lanilcur category and is a smooth homotopy functor for 
lanilcurs. A nice consequence is the "Goodwillic Theorem" that if N ;-^ E ^> A is an a-nilpotcnt 
extension, then TN is smoothly contractiblc and TA is a smooth deformation retract of TE. This 
implies that excision in analytic cyclic cohomology holds for a-nilpotent extensions. However, we 
will prove excision in complete generality and will not use the Goodwillie Theorem for that purpose. 

At least the definitions of analytic tensor algebras, analytic nilpotence, and lanilcurs are given by 
Puschnigg Q in the setting of inductive systems of Banach algebras. The analytic tensor algebra 
TA is essentially the same as Puschnigg's "universal linear deformation" ||3^ in the bornological 
framework (however, Puschnigg's definition is much more complicated). The analogue of analytic 
nilpotence is called "topological nilpotence" in [Q , the analogue of a lanilcur is called an "almost 
multiplicative map" [Q. However, Puschnigg does not study topological nilpotence at all and 
does not state results like the Universal Extension Theorem or the Uniqueness Theorem. Instead 
the almost multiplicative maps occupy a prominent place in his theory. In this thesis, lanilcurs are 
regarded only as a technical tool. They do not show up in the statements of theorems. 

3.1.1 Definition of the analytic tensor algebra 

Let A be a complete bornological algebra. For S G S(A), define 

{S){dS)°° := 5(dS')°° U (dS)'^ U S c nA, 
(S'}(dS')°™" := (5}(dS')°° nf7'=™'^A, 

{S){dS)°'^'^ ~ {S){dS)^ nn°'^'^ A. 

The notation (S) above will be used frequently in the following. If 5 is a subset or an element of a 
bornological algebra A, then (S) denotes S U {!}, where 1 is the unit in the unitarization A+. For 
example, 

{S)-T-{S) = S-T-S\JS-T\JT-S. 

Sometimes we consider {S) C A, leaving out 1. The expression (ao)(iai . . . da„ denotes aodai . . . da^ 
or dai . . . da„. This is a convenient notation for a generic differential form. 

Warning 3.5. If A is unital with unit 1, then the differential forms 1 ■ dai . . . (ia„ and dai . . . da„ 
are different. That is, 1 G A is not a unit in fiA. 

Definition 3.6. Let ©an be the convex homology on VtA generated by the sets {S){dS)°^ with 
S S S(A). The analytic differential envelope ilanA of A is the completion of the convex bornological 
vector space (5^A, San)- Let 51!^™" A and ^an'^^ be the even and odd part of fJanA. 
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The universal property of the completion asserts that bounded linear maps fianA -^ W with 
complete range W are in bijection with bounded linear maps {flA, ©an) — >■ W. Since the homol- 
ogy ©an is generated by the sets {S){dS)°°, a linear map I: ilA ^ W is bounded with respect 
to ©an iff li(S)idS)°°) £ ©(W) for aU S e ©c(A). Thus bounded linear maps f^anA -> W are in 
bijection with linear maps l:nA^\N satisfying l{(S){dS)°°) G ©(W) for all S S ©(A). 

By Lcmma p.l9| , a subset of ilanA is small iff it is contained in {{S){dS)°°)^ for some S G ©c(A). 
Similarly, a subset of f^|™"A is small iff it is contained in ((5')(d5)'=™")'' for some S G ©c(A). 

If C G M, 5 G ©(A), then C • S* G ©(A) and hence 5* U lj„>i C"(S')(d5)" G ©an- Consequently, 
the operator f{N) : 51 A -^ flA that multiplies a form of degree n by f{n) is bounded with respect to 
the homology ©an if / : ^+ ^ C is of at most exponential growth. Conversely, f{N) is unbounded 
if / does not have exponential growth. Thus f{N) can be extended to a bounded linear map 
f{N): ilanA -^ ilanA iff / has at most exponential growth. If we let /: 2+ -^ {0,1} be the 
characteristic function of the set of even integers, we find that the even and odd parts r2°™"A and 
i^li'^A are complementary direct summands of f^anA. That is, fl|™"A©f}°;^'*A = fl^nA. Thus f^anA 
is a Z2-graded complete bornological vector space. If we let /: Z+ -^ {0, 1} be the characteristic 
function of {j}, wc find that fi-'A C ilanA is a direct summand. 

The familiar operators d, b and b' on QA (see ( A.13|) and (A. 12) for definitions of b and 6') 



are bounded with respect to the homology ©an- This is quite trivial for the differential d. The 
equations ( |AT2| ) and ( |AT3| ) imply that 6 and b' map {S){dS)" into T,'Loi~^y {T){dT)"-^ for 



T := S" U 5*2 U {0}. Thus if f{n) := n + 1, then f{Ny^ o b and f{N)-'^ o b' map {S){dS)°° 
into the disked hull of {T){dT)°° and therefore are bounded. Since / has only linear growth, the 
operator f{N) is bounded, so that b and b' are bounded. Hence d, b, and b' extend to bounded 
linear maps fianA — > JlanA. 

Lemma 3.7. Let A be a complete bornological algebra. Then JlanA is a complete bornological DG- 
algebra in the sense that it is a differential 'Z2-graded algebra with a completant bornology for which 
the grading operator, the differential, and the multiplication are bounded. 

Proof. It is clear that the differential and the grading are bounded operators on ilanA. It suffices 
to verify that the multiplication is bounded on (flA, ©an) because bounded bilinear maps extend 



to the completion by Lemma 2.18. Of course, the multiplication is the usual multiplication of 
non-commutative differential forms S. 

Since b' is bounded, {S){dS)^ - S = 6'((S')(d5)°°) G ©an for all S G ©c(A). Thus (S')(dS')°° • 
{S){dS)°° G ©an for aU S G ©c(A). That is, the multiplication on {QA, ©an) is bounded. D 

On any differential Z2-graded algebra, we can deform the product to the Fedosov product 

xQy := X -y - {-l)'^''^''dx ■ dy. 

It is bounded if the grading operator, the differential, and the ordinary multiplication - are bounded. 
A routine computation shows that the Fedosov product is associative. 

Definition 3.8. Let TA be the even part of flanA endowed with the Fedosov product 0. This is 
called the analytic tensor algebra of A. Let J^A be the kernel of the natural map ta : TA — > A that 
maps a form to its degree zero part. That is, J^A is the closed linear span of X]^i ^^"' A. 



Lemma 3.7 implies that TA and J^A are complete bornological algebras. Clearly, ta : TA — > A is 
a bounded homomorphism. The inclusion of the degree zero part cta : A — ^ TA is a natural bounded 
linear section for ta. Thus J' A ^^ TA ^» A is an allowable extension of A. The maps a a and ta 
will occur repeatedly. If no confusion can arise, the subscript A is omitted and A is considered as 
a subspace of TA via cta . 
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3.1.2 Properties of analytically nilpotent algebras 



In 3.1 we have defined analytic nilpotence for not necessarily complete bornological algebras to 



make the following observation: 

Lemma 3.9. // N is a-nilpotent, so is the completion N'^ 



Proof. By Lemma p.l9[ , any smaU set S* C N'' is contained in a set T'^ with T e 6(N). The 
boundedness of the muhiphcation in N'^ imphes that (T'=')" C (T"f. Thus S'^ C {T'^)°° c {T'^f 
is small in N'^. D 



Lemma 3.10. Let N be a complete a-nilpotent bornological algebra and a; G N. Let f = X]i=i /j-^"' 
be a power series without constant coefficient and positive radius of convergence. Then J2j=i ■fj^'' 
converges bornologically in N. We write f{x) for the limit of this series. 



Proof. Since / has positive radius of convergence, we have \fj\ < C^ for some C G ]0, oo[. Let 
S' C N be the disked hull of {2C ■ x}. Since N is a-nilpotent, there is a completant small disk T C N 
containing S°°. Thus 2^ fjX^ € T for all j and hence 



CXj 

j=N 



fj^' 



<^2-^||2V,:r^||T<E2-^-<2- 



JV+l 
T i=N :i=N 



Hence J27Li Ij^'' is an absolutely convergent series in the Banach space Nt- □ 

Thus in a complete a-nilpotent algebra we have a functional calculus with germs of holomorphic 
functions in a neighborhood of the origin. Roughly speaking, all elements of an a-nilpotent algebra 
have spectral radius 0. It is left to the interested reader to formulate an analogous functional calcu- 
lus in infinitely many (non-commuting) variables. By the way, in a general complete bornological 
algebra, for example in C[i], we only have a polynomial functional calculus. 

We end this section by proving that the class of a-nilpotent algebras is closed under some 
constructions. Most notably, we prove the Extension Axiom and the Homotopy Axiom. 

Lemma 3.11. Analytic nilpotence is inherited by subalgebras, quotients by closed ideals, direct 
products, direct sums, projective limits, and inductive limits. 

Proof. This follows immediately from the definitions. D 



We have not made Lemma 3.11 



an axiom because we will not need it in this section. Moreover, 
some assertions of it fail for more general notions of nilpotenc e, o thers follow from the axioms. The 



class of locally nilpotent pro-algebras considered in Section 4.2 is not closed under taking direct 
sums and inductive limits. The axioms we will meet below imply that products, projective limits, 
closed subalgebras, and quotients by allowable ideals are again a-nilpotent. 

The proof for products and projective limits is essentially the same. Let (Ni)ig/ be a projective 
system of a-nilpotent algebras. The identity maps rmll(lim Ni) ^ null(Ni) -^ Ni form a compatible 

family of lanilcurs because all N; are a-nilpotent. Thus we get a compatible family of bounded 
homomorphisms T(rmll(lim Ni)) -^ N; and thus a bounded homomorphism into limNi. Its 

restriction to null(limNi) is equal to the "identity map" and is a lanilcur because it can be 

extended to a bounded homomorphism on T. It follows that lim N^ is a-nilpotent. 

Let N be an a-nilpotent algebra and let N' C N be a closed subalgebra. The identity map 
null(N') — > N' C N is a lanilcur because any bounded linear map into the a-nilpotent algebra N is 
a lanilcur. Hence it extends to a bounded homomorphism /: Tnull(N') — > N. Since N' is a closed 
subalgebra, the range of this map is contained in N' (when working in a more general category, 
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this step requires some care). Hence the identity map riull(N') ^ N' is a lanilcur because it can 
be extended to the bounded homomorphism /. 

Let tt: N -» N" be a quotient map with a bounded linear section s. If N is a-nilpotent, then 
so is N". We can factor the "identity map" null(N") -^ N" as 

null(N") -^ null(N) ^ N ^U N". 
Thus it is a lanilcur, so that N" is a-nilpotent. 

Axiom 3.12 (Extension Axiom). Let {i,p): N" ^> N -» N' be an (allowable) extension of com- 
plete bornological algebras. If N" and N' are a-nilpotent, then N is a-nilpotent as well. 

We can prove this statement without using a bounded linear section. However, we only need 
it for allowable extensions. 

Proof. Let S £ S(N). We have to show that S'°° is small. Let Si := (p(4 • S))'^ . This set is small 
in N' by a-nilpotence. Since p: N ^> N' is a quotient map, there is S2 € 6(N) with p{S2) = \{Si). 
Let 

S'3 :=(2S'-S'2)nN"e©(N"). 

Then 

5ci(52+53)C(52U53)* 

because for all x G S, there is a; e ^2 withp(a;) = 2p(a;). That is, 2x — x(^ N" and thus 2x — x G 5*3 
by definition of S3. Let 

54 := 53 U (25| - 52) n N" e 6(N"). 

We claim that 

Si C 1(^2 + ^4) C (52 U Si)^. (3.3) 

To see this, observe that ^i = S^ implies 

p{S2 ■ S2) ^piS2) ■piS2) ^ jiSi ■ Si) C jSi =p(^S2) 

Thus for all x e S*!, there is i: G ^2 with p{2x) — p{x) and therefore 2a; — i G N" and 2a; — i G 6*4 
by definition of 6*4. Let 

55 := 52 U ((52)- 54)°° -(52), 56 1=550. 

Since N" is an ideal, (52) • 54 G 6(N"). The sets S^,Sq C N are therefore small because N" is a- 
nilpotent. Equation (p|) implies S^ C S^ , ((52)-54)°°(52)-52 C 55*, and 52-((52)-54)°°(52) C 55*. 



Thus 5| C 56. This imphes Sq = S^ . Moreover, 5 C 56 because 5 C (52 U53)0. Thus 5°° C 5^ 
is small. Consequently, N is a-nilpotent. D 

Definition 3.13. A complete bornological algebra C is called tensoring iff C® N is a-nilpotent for 
all a-nilpotent complete bornological algebras N. 

Lemma 3.14. Let Q be a complete bornological algebra. Assume that for all small sets 5 G 6(C) 
there is a constant A > such that (A • 5)°° is small. Then C is tensoring. 
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Proof. Let N be a-nilpotent. By Lemma 3.£, it suffices to show that the uncompleted bornological 
tensor product N (g) C is a-nilpotent. Any small subset of N (g) C is contained in a set of the form 
(5'n <S> 5c)* with Sn G S(N), 5c G 6(C). Choose A > such that (A • 5c)°° is small. Since 

(5n <S> Scr = (A-i • 5n)°° <E> (A • 5c)°°, 

the set (5n g) Sc)°° is small, and hence so is ((5|\| ® 5c)'^) . Thus N (g) C is a-nilpotent. D 



Lemma 3.14 yields immediately that a-nilpotcnt algebras and Banach algebras are tensoring. 



We will study tensoring algebras in Section 3.5, There we prove the converse of Lemma 3.14 and 
that a complete bornological algebra is tensoring iff it is an inductive limit of Banach algebras. 
Moreover, a Frechet algebra with the precompact homology is tensoring iff it is an admissible 
Frechet algebra in the sense of JS^I. The algebras C[t] and 0{C) of polynomials and holomorphic 
functions on C are not tensoring. It is easy to see that C[t] g) N is a-nilpotent iff N is nilpotent 
(that is, N'' = for some k eN). 

Lemma 3.15 (Homotopy Axiom). The algebras C°°([0, 1]) and AC([0, 1]) are tensoring. 
Thus C°°([0, 1]; N) and AC([0, 1]; N) are a-nilpotent if N is a-nilpotent. 

Proof Let 5 c C°°([0, 1]) be a bounded subset. Rescale 5 such that \f{t)\ < 1/2 for all / G 5, 
t e [0, 1]. We claim that 5°° is bounded in C°°([0, 1]). This implies that C°°([0, 1]) is tensoring 



by Lemma 3.14. We have to prove that S°° is bounded in the algebras C'°([0, 1]) of k times 
continuously differentiable functions for all k e Z_|_. The Gelfand transform for these commutative 
Banach algebras is the inclusion into C([0, 1]). Therefore, the spectral radius in C'^([0, 1]) is equal 
to the norm in C([0, 1]) and thus bounded above on 5 by 1/2. By definition of the spectral radius, 
the set S°° is norm-bounded in C'°([0, 1]). 



The condition of Lemma 3.14 is trivially verified for the Banach algebra AC([0, 1]). Thus 



AC([0, 1]) is tensoring. D 

3.1.3 The interrelations between analytic nilpotence, lanilcurs, and an- 
alytic tensor algebras 

We have now three concepts: The analytic tensor algebra functor T; the class of lanilcurs; and the 
class of analytically nilpotent algebras. We show that they mutually determine each other. 

Axiom 3.16. Let A be a complete bornological algebra. The complete bornological algebra TA 
and the bounded linear map cta : A — > TA have the following universal property. // / : A — > B is 
a lanilcur into a complete bornological algebra B, then there is a unique bounded homomorphism 
\l\ : TA — > B extending I in the sense that llj o a/\ — I. Furthermore, any map of the form f o Uf^ 
with a bounded homomorphism f : Th -^ ^ is a lanilcur. 

Proof. By the universal property of completions, bounded homomorphisms TA — > B are in bijection 
with homomorphisms TA -^ B that map (5)(d5)°™" to a small set in B for all 5 G 6(A). The 



universal property A. 14 of TA asserts that bounded homomorphisms TA — > B are in bijection with 
bounded linear maps A — > B. In addition, the homomorphism |Z] : TA -^ B corresponding to a 
linear map Z : A — > B satisfies 

p]((ao)dai ...da2„) = ^(ao) • w/(ai, 82) ■ • •ti^;(a2„-i, a2n)- (3.4) 

The sets p]((5)(d5)°™") = 1{S) ■ uJi{S,S)°° C B are small for aU 5 G 6(A) iff Z is a lanilcur. 
Consequently, we can extend |Z] to a bounded homomorphism TA — )■ B iff Z is a lanilcur, and this 
extension is necessarily unique. D 
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Example 3.17. Any bounded homomorphism /: A — > B is a lanilcur. Since / o ta o cta = /, the 



uniquely determined homomorphism |/] : TA ^ B in Axiom 3.16 is equal to / o ta 



Example 3.18. The natural linear section cta : A ^ TA is a lanilcur by Axiom 3.16 because we can 



write it as idrA ° ca and the identity map id : TA -^ Tf\ is certainly a bounded homomorphism. 



The maps ua are the most fundamental examples of lanilcurs. Axiom 3.16 asserts that any lanilcur 
I : A — > B is the composition of a bounded homomorphism /: TA -^ B with the lanilcur cta- 
We can easily check directly that ua is a lanilcur. Its curvature is 

Wo-(ai, 32) = ai ■ 32 - ai 32 = daida2. 

The subset (dS')'=™" C TA is small for all S £ 6(A) by the definition of the homology ©an- 

Axiom 3.19. The algebra J h. is a-nilpotent for all complete bornological algebras A. 



Proof. By Lemma 3.9, it suffices to show that (JA, 0, ©an) is a-nilpotent because Jk is the comple- 
tion of this convex bornological algebra. Thus we have to verify that T°° e ©an for all T e ©anHJA. 
There is S* G 6(A) such that T is contained in the disked huU of (S')(d5)2(dS')'=™" C ((S')d5)'=^™. 
Hence it suffices to prove that {{S)dS)°° £ ©an- 

We claim that there is / £ ©an such that {S)dS / C /* and {S)dS C I^ (the letter / stands 
for "invariant"). Since multiplication is bilinear, it follows by induction that {{S)dS)"' I^ C /^ 
for all n e N and hence {{S)dS)°° C /^. Thus {{S)dS)°^ G ©an as desired. 

Let S-f") := 5 U 52 U - - - U 5" and 

n=l 

Clearly, {S)dS C /^- Pick (ao}dai e (S')dS' and (bo)(ibi . . . (ib„ e / and compute 

(ao)dai (bo)dbi . . . (ib„ 

= (ao)d(ai(bo})(ibi . . . db„ - (ao)aid(bo)dbi . . . db„ - d{ao)daid{hQ)dbi . . . db„. 

This is a sum of (at most) 3 terms in (S'(2)}dS'(2)dS'(3)(d2S'(3))" and thus lies in the disked huU /<> 
of / as desired. D 

If V is a complete bornological vector space, then we let null(V) be the algebra with underlying 
vector space V and the zero multiplication. 

Axiom 3.20. Let N be a complete bornological algebra. If the identity map null(N) — > N is a 
lanilcur, then N is a-nilpotent. 

Proof. The curvature of the identity map I: null(N) — » N is uji{x,y) — l{xy) — l{x)l{y) = —xy for 
all x,y(z null(N). If this map is a lanilcur, then S"'™" = (-5^)°° e ©(N) for all S G ©d(N). Hence 
(^^.^^ovon ^ s-oo g g(N). That is, N is a-nilpotent. D 

Axiom 3.21. Let I: A ^ B be a bounded linear map between complete bornological algebras whose 
curvature factors through an a-nilpotent algebra in the following sense. There are a complete a- 
nilpotent algebra N, a bounded linear map lo' : IK®IK —f H, and a bounded homomorphism /: N ^ B 
such that uji — f o uj' . That is, the diagram 

A0 A ^B 

(3.5) 

commutes. Then I is a lanilcur. 
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Proof. If the curvature of I factors as in (U), then w/(S',S')°° = .f{uj'{S S)^) £ 6(B) for all 
S € 6(A) because / is a homomorphism and N is a-nilpotcnt. That is, I is a lanilcur. D 



Lemma 3.22. A complete hornological algebra is a-nilpotent iff each bounded linear map into it 
is a lanilcur. 

Proof. If each map int o N i s a lanilcur, then the identity map null(N) -^ N is a lanilcur, so that N is 
a-nilpotent by Axiom 3.20 , Conversely, if N is a-nilpotent, then we can factor the curvature of any 
bounded linear map / : A — > N through the a-nilpotent algebra N by writing simply coi — idN o lui . 
Thus any bounded linear map into N is a lanilcur by Axiom 3.21. D 



Therefore, the class of lanilcurs determines the class of a-nilpotent algebras. Conversely, the 
class of a-nilpotent algebras determines the class of lanilcurs: 



Lemma 3.23. A bounded linear m ap I : A 
through an a-nilpotent algebra as in (3.5). 



B is a lanilcur iff its curvature can be factored 



Proof. By Axiom 3.21 , Hs a lanilcur if its curvature can be factored as in ( p.q ) . Conversely, if I 
is a lanilcur, then we have I — f o a^ with a bounded homomorphism / := |Z] : TA — > B by the 
universal property 3.16 of TA. Hence the curvature of I can be factored as f o lUo-. The range 
of uja is contained in J^A because Tfi, o a/^ — idA is a homomorphism. Thus we can view uj^ as a 
bounded linear map A ® A — > J'A. By Axiom 3.19, J^A is a-nilpotent. Hence oji factors through 
an a-nilpotcnt algebra as asserted. D 



Lemma 3.24. Let Z: A — > B be a lanilcur, and let f : A' ^ A and g: B ^ B' be bounded horn 
morphisnis. Then g o I and I o f are lanilcurs. 

If f : A —> B is a bounded homomorphism, there is a unique bounded homomorphism Tf : TA 
TB such that T f o a^ = ctb ° /• That is, the diagram 



Tf 

r A - - ^ TB 



-^B 



(3.6) 



commutes. Thus T is functorial for bounded homomorphisms. 

Proof. We h ave tOgoi — g o uji and w/o/ — i^i ° if ^ f) because g and / are multiplicative. Use 
Lemma 3.23 to factor the curvature of I through an a-nilpotent algebra H as, uji = (j) o uj' with 
a bounded homomorphism (/) : N ^ B and a bounded linear map lu' : A ® A -^ N . Then LOgoi = 
{g o (f)) o Lo' and w/o/ — 4)° ij^' ° {f ^ /)) factor through N as well. Thus g o / and / o / are lanilcurs 
by Axiom 3.21. In particular, if /: A ^ B is a bounded homomorphism, then ctb o / is a lanilcur. 
By the universal property [3.16| , there is a unique bo unded homomorphism T f :— \as ° /] with 
T f o cta = ctb o /. The symmetry of the diagram (|3.6|) implies that / i~> T f is functorial. D 



It is quite easy to obtain the homomorphism T f from the concrete description of TA: 

Tf{{ao)dai . . . da2n) := /(ao)d/(ai) . . . c(f(a2„). (3.7) 
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3.1.4 Reformulations of the Extension and the Homotopy Axiom 

We translate the Extension Axiom to equivalent assertions about lanilcurs and analytic tensor 
algebras. 

Lemma 3.25 (Extension Lemma). The statements (i) — (in) follow from each other without 
using the Extension or the Homotopy Axiom. Hence they are all equivalent to the Extension 
Axiom. 

(i) Let {i,p)'. N" ^^ N -» N' be an allowable extension of complete bornological algebras with 
a-nilpotent kernel and quotient N" and N'. Then N is a-nilpotent. 

(a) The bounded linear map a\ := ctta o ca : A — » TA -^ TTk is a lanilcur for all complete 
bornological algebras A. The composition of two lanilcurs is again a lanilcur. That is, lanil- 
curs form, a category. 

(Hi) The natural projection tx/k '■ TTA — > TA has a natural bounded splitting homomorphism 
Vfi,: TA —I- TTA satisfying va ° cr/\ ~ cr^, namely, v/\ := {ajj. Hence the analytic tensor 
algebra TA is a-quasi-free. 



Of course, statement (i) is the Extension Axiom 3.12|. 



Proof, (i) implies (ii). Let r^ := t/^ot-ta'- TTA -^ A. Since t-ta is split surjective with bounded 



linear section a a, wc have an allowable extension KerTTA ^-> Kerr^ -» KerTA. By Axiom 3.19 
KerrrA = J{TA) and KerTA = J'A are a-nilpotent. Thus N :— Ker(TA otta) is a-nilpotent by (i). 
Since t^ o cr^ — idA is a homomorphism, the curvature of a^ takes values in N. That is, it c an be 



factored through the inclusion N ^^ TTA. Since N is a-nilpotent, cr^ is a lanilcur by Axiom |3.21 



Let I: A ^ B and /': B — > C be lanilcurs. By the universal property 3.16 of TA, we can factor 



/octa and I' — f'oag with bounded homoniorphisnis / := p] : TA -^ B and /' :— p'] : TB -^ C. 



By Lemma 3.24, we can replace ctb ° / by Tf o a a. Thus 

?' o / = /' o (o-B o /) o CTa = /' o {Tf o ctt-a) o (Ta = /' o T/ o a^. 



Since /' o Tf is a bounded homomorphism and ct^ is a lanilcur, I' o I is a lanilcur by Lemma 3.24 . 
Consequently, lanilcurs form a category. 

(ii) implies (iii). Since crj^ is a lanilcur, the universal property 3.16| of TA yields a bounded 
homomorphism va '.= 1<^aI • '^^ ^* TTA. By construction, 

(tta o ua) o cta = TTA o o-^ = (Ta = idrA o cfa- 



The uniqueness part of Axiom 3.16 implies t-ta ° va — idrA- Hence va is a section for tta- Thus 



TA is a-quasi-free in the sense of Definition 3.2 



(iii) implies (ii). Assume that there is a bounded homomorphism v. TA -^ TTA satisfying 
V o aA = o\. The universal property 3.1(; of TA implies that aj^ is a lanilcur. 



It is unclear whether the quasi-freeness of TA alone, that is, the existence of any bounded 
splitting homomorphism v. TA -^ TTA for tta, suffices to prove (ii). 

(ii) implies (i). Let {i,p): N' ^^ N -^ N" be an allowable extension of complete bornological 
algebras in which N' and N" are a-nilpotent. We choose a bounded linear section s: N" -^ N 
of our allowable extension. To verify that N is a-nilpotent, we have to verify that any bounded 



linear map Z: B ^ N is a lanilcur by Axiom 3.21. Since N" is a-nilpotent, p o Z is a lanilcur by 
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Lemma 3.23. By the universal property of TA we can extend it to a bounded homomorphism 
N". 



/:=|po/l:TB 



We consider the bounded linear map I' : TB 
I = s o f + (id — s o p) o I o tq. 



N defined by 



By adding (id — s o p) o ^ o tb, we achieve that V o as = I. Since p o s — id, the composition 
p o I' = f is a homomorphism. Hence the curvature of I' factors through the inclusion i: N' ^ N. 



By assumption, N' is a-nilpotent and hence I' is a lanilcur by Axiom 3.21. Since ctb is a lanilcur 



as well, the composition I = I' o as is a lanilcur by (ii). Thus (i) follows from (ii). 



D 



Lemma 3.26 (Tensor Lemma). Let C be a complete bornological algebra. The assertions (i) — 
(in) follow from each other without using the Extension or the Homotopy Axiom and provide 
alternative definitions for tensoring algebras. 



(i) If N is an a-nilpotent complete bornological algebra, so is N 
(ii) If I: A ~i B is a lanilcur, then so is I iSi idc : A (i) C — > B (8) C. 



C. 



(Hi) If f : A -^ Bi^C is a bounded homomorphism, then there is a unique bounded homomorphism 
g : TA — > (TB) g) C that makes the following diagram commute: 



TA- 

A 



(TB) ® C 

A 



/ 



-^B( 



Ctb (glide 

)C 



(3.8) 



Proof, (i) implies (ii). Let I: A ^ Bhe a, lanilcur. By Lemma 3.23, we can factor the curvature 
of I through an a-nilpotent algebra N. That is, uji = fouj' with a bounded linear map uj' : A® A — > N 
and a bounded homomorphism /: N ^ B. Let m: B® B ^ B be the multiplication map. We have 
toi&idi^i (8) Ci,a2 (El C2) = Lj;(ai,a2) ® (ci • C2) and thus w^^j^j = if '^ idc) ° (w' m). Hence the 
curvature of I (S) idc factors through N (g) C. Since N (g) C is a-nilpotent by (i), I ^ idc is a lanilcur 



by Axiom 3.21 



(ii) implies (iii) 

is a lanilcur by (ii 



The linear map ub : B ^ TB is a lanilcur. Hence ctb C 
By Lemma 3.24, the composition (ctb (g idc) ° /: A ^ 



3idc: B 

(TB)(g 



|C^(TB)®C 
C is a lanilcur. 



The universal property 3.16 of TA yields that there is a unique bounded homomorphism g making 
the diagram (3.8) commute. 

(iii) implies (ii). If we apply (iii) to the bounded homomorphism id : A (g) C -^ A (g) C, we 
obtain that cta ® idc : A (g C — > (TA) (g C is a lanilcur because it can be extended to a bounded 
homomorphism T(A (g C) ^ (TA) (g C. A lanilcur /: A — > B can be extended to a bounded 



homomorphism p] : TA — > B by the universal property 3.1t of TA. Tensoring with idc, we get a 
bounded homomorphism / : (TA) (g C — > B (g C satisfying / o (cta (g idc) = ^ <8i idc . Sin ce cta (g idc is 
a lanilcur, so is its composition with the bounded homomorphism / by Lemma p. 24 , Thus I (g idc 
is a lanilcur as desired. 

(ii) implies (i). Let N be an a- nilpo tent complete bornological algebra. We have to show 
that N (g C is a-nilpotent. By Lemma 3.22 , the identity map null(N) — > N is a lanilcur. Thus the 
identity map null(N (g C) = null(N) g)C^Ng)Cisa lanilcur as well by (ii). By Axiom 3.20 , this 
implies that N (g C is a-nilpotent. D 

Smooth and absolutely continuous homotopies are defined as bounded homomorphisms A — > 
B (g C with C either C°°([0, 1]) or AC([0, 1]). Thus (|]|) describes the lifting of homotopies to 
analytic tensor algebras. The Homotopy Axiom 3.15 and the Tensor Lemma 3.26 imply: 
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Lemma 3.27. Let H: A — > AC([0, 1];B) be an absolutely continuous homotopy. Then there is a 
unique absolutely continuous homotopy H: TA — > AC([0, 1];TB) such that evj o H = T{evt o H) 
for all t G [0, 1] . Thus the functor T preserves absolutely continuous homotopies. Similarly, T 
preserves smooth homotopies. 

3.1.5 Universal analytically nilpotent extensions 

We introduce some natural terminology to handle extensions. Let K^ ^^ E^ ^> Q^, i = 0, 1, be 
extensions of complete bornological algebras. A morphism of extensions is a triple of bounded 
homomorphisms {^,ip,(j)) making the diagram 




commute. Of course, a morphism of extensions is determined by the map '0 in the middle. A 
smooth homotopy is a morphism of extensions (S, '3/, $) from Kg ^^ Eq ^» Qo to C°°([0, 1]; Ki) ^^ 
C°°([0, 1]; El) ^> C°°([0, 1]; Qi). A smooth homotopy (S, ^, $) is called a smooth homotopy relative 
to (j) iS ^t = 4> for all t € [0, 1]. If Qo = Qi = Q, a smooth homotopy relative to idq is called 
a smooth homotopy relative to Q. If we replace C°°([0, 1]) by AC([0, 1]), we obtain absolutely 
continuous homotopies and relative absolutely continuous homotopies. 



Theorem 3.28 (Universal Extension Theorem). Let (t, tt) : N ;-^ R - 

nilpotent extension. Let {j,p): K ^^ E ^> Q be an a-nilpotent extension, 
bounded homomorphism. Then there is a morphism of extensions 



A be a universal a- 
Let (h: A —> Q be a 



N> ^R- 


5i^ 


1? IV- 




V ,- Y 
K> *-E- 


P 
S*- 



Q 

lifting 4>. This lifting is unique up to smooth homotopy relative to 4>. 

More generally, let {£,t,''Ptj4't), ^ = 0, 1, be morphisms of extensions as above and let <^: A ^ 
C°°([0, 1];Q) be a smooth homotopy between (J)q and 0i. Then <& can be lifted to a smooth homo- 
topy (!B, \E',4>) between (^oiV'Oj^o) o,i^d (^i,'0i)^i)- ^'^ analogous statement holds for absolutely 
continuous homotopies instead of smooth homotopies. 

Proof. Let v: R ^ TR be a splitting homomorphism for tr. Let s: Q ^ E be a bounded linear 
section for p. Since po(so(/)O7r) = 0o7risa homomorphism, the curvature of the bounded linear 
map s o (f) o tt: R— >E has values in K. Since K is a-nilpotent by assumption, s o (f) o tt is a lanilcur 



by Axiom 3.21. The universal property 3.16 of TR yields an associated bounded homomorphism 

:= |s o (/) o tt] : TR —>■ E. Define -tp := tp o v : R — s- E. By construction. 



(po-0)o0-R=poso(/)O7r = (/)O7r 



I TT o Tr) o (Jr. 



The uniqueness part of Axiom ^.16 yields po^l; = (f)o n ot^ and hence po-0 — (j)0 7r otrov = (jtow 
as desired. Thus ip{N) C K, so that there is a unique ^ making (^, ip, (f) a morphism of extensions. 
The uniqueness of the lifting (^,-0,0) up to smooth homotopy relative to </> follows from the 
more general statement about the lifting of homotopies. We use the bounded homomorphism 
p, := C°°([0, l];p) : C°°([0, 1]; E) ^ C°°([0, 1]; Q) and the bounded linear map s, defined similarly 



3.1. ANALYTIC TENSOR ALGEBRAS AND A-NILPOTENT ALGEBRAS 31 



Since ^t o tt — p o t/jt for f = 0, 1, there is a bounded linear map Z: R — > C°°([0, 1]; E) satisfying 
evi o I = ipf for i = 0, 1 and p* o / = $ o vr. For instance, we can take 

/ := s, o $ o TT + (1 - t) (K) (^0 - s o •I'o o tt) + t (V'l - s o $1 o tt) 

Since p, o / = $ o tt is a homomorphisni, the curv ature of / has values in C°°([0, Ij ; K). This 
algebra is a-nilpotent by the Homotopy Axiom ^.15 . Thus / is a lanilcur by Axiom 3.21 . Let 



'3/ := p] : TR -^ C°°([0, 1];E) be the associated homomorphism by the universal property 3.1(: 



Define ^ := ^ o u. By construction, p, o^I'dctr = p^ o I — <l>o7r = (<l>o7ro tr) o ctr and thus 



p^o'ii = $o7rorR by the uniqueness assertion of Axiom 3.16. Therefore, p^ovt/ = ^ottotrou = $o7r. 
A similar computation shows that ^t = evj o v]> = ^^ for i = 0, 1. 

The above argument used no other information about smooth homotopies than the Homotopy 
Axiom, stating that C°°([0, 1]) is tensoring. Since AC([0, 1]) is tensoring as well, the same argument 
shows that we can lift absolutely continuous homotopies to absolutely continuous homotopies 
between morphisms of extensions. D 



Theorem 3.29 (Uniqueness Theorem). Let A be a complete bornological algebra. Then J' A ^-> 
TA -» A is a universal a-nilpotent extension. Up to smooth homotopy equivalence of extensions 
relative to A, this is the only universal a-nilpotent extension of A. That is, any universal a-nilpotent 
extension N ^-> R -» A is smoothly homotopy equivalent relative to A to J A ^-> TA -» A. Especially, 
R is smoothly homotopy equivalent to TA and N is smoothly homotopy equivalent to J A. 

In addition, any morphism of extensions (^,'0,id) between two universal a-nilpotent extensions 
is a smooth homotopy equivalence of extensions relative to A. Any two morphisms of extensions 
(^,'0,id) are smoothly homotopic. 



Proof. The a lgebra JJA is a-nilpotent by Axiom ^3.19 and TA is a-quasi-free by the Extension 



Lemma 3.25| .(iii). Thus J A ^^ TA -» A is a universal a-nilpotcnt extension 



Let Ei'. Ni >—> Ri —>* A, i = 0, 1, he two universal a-nilpotent extensions of A (we write Ei as an 



abbreviation for these extensions). By the existence part of the Universal Extension Theorem 3.2? , 
the identity map idft : A ^ A can be lifted to morphisms of extensions (^q, ^pQ,id): Eq — > Ei and 
(^i,V'i,id): El -^ Eq. The composition i(,i,iji,id) o (^o,'0o,id) = (6 oCcV'i oV'cid) is a lifting 
of the identity map idA to an automorphism of Eq. Another such lifting is the automorphism 
(idiM^, idp^, idA). By the uniqueness part of the Universal Extension Theorem 3.28, these two 
liftings are smoothly homotopic relative to A. An analogous argument shows that the composition 
(CoiV'Ojid) o (^1,^1, id): Ei — > Ei is smoothly homotopic to the identity automorphism relative 
to A. This means that Eq and Ei are smoothly homotopy equivalent relative to A. Especially, 
No and Ni are smoothly homotopy equivalent algebras and Ro and Ri are smoothly homotopy 
equivalent algebras. In addition, any morphism of extensions between Eq and Ei of the form 
{^,ip,id) is a smooth homotopy equivalence. In fact, by the uniqueness part of the Universal 



Extension Theorem 3. 28, all morphisms of this form are smoothly homotopic relative to A. D 



Theorem 3.30. Let R be a complete bornological algebra. The following conditions are equivalent 
to R being analytically quasi-free: 

(i) There is a hounded homomorphism v. R -^ TR that is a section for tr : TR -^ R. 

(ii) All allowable a-nilpotent extensions N ;-^ E ^> R have a bounded splitting homomorphism. 
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(in) Let (t, tt) : N ^^ E ^> Q be an a-nilpotent extension and let (j): R —y Q be a bounded homo- 
morphism. Then there is a bounded homomorphism f/' : R — > E lifting (p, that is, making the 



diagram 



I 
E^^Q 



commute. 



Furthermore, if R is a-quasi-free, then we get some additional informations in the situations 
of (i) and (Hi). In (i), we get that J7R is smoothly contractible and that R is a deformation retract 
o/TR. Any two bounded splitting homomorphisms R — > TR are smoothly homotopic. In (Hi), we 
get that the lifting ip is unique up to smooth homotopy. 

Proof. Assertion (i) is the definition of analytic quasi- freeness. If (i) holds, then ^^ R ^> R is a 
universal a-nilpotent extension of R because the zero algebra is certainly a-nilpotent. If we apply 
the Universal Extension Theorem p. 28 to this universal extension, we get (iii) with the additional 



information that the lifting ip is unique up to smooth homotopy. 

If we apply (iii) to the extension N ^^ E ^» R, we get (ii). If we apply (ii) to the a-nilpotent 
extension J^R ^^ TR -» R, then we get (i ). Thus (i)~(iii) are equivalent. Finally, if R is a-quasi- 



free, then the Uniqueness Theorem 3.29 implies that the two universal a-nilpotent extensions 
>^ R ^> R and J'R ^^ TR -^ R are smoothly homotopy equivalent relative to R. Thus R is a 
smooth deformation retract of TR and J'R is smoothly contractible. In addition, the Uniqueness 
Theorem asserts that all bounded splitting homomorphisms R —> TR are smoothly homotopic. D 

Corollary 3.31. Analytically quasi-free algebras are quasi-free. 



Proof. Let R be a-quasi-free. By Theorem 3.30, all a-nilpotent extensions of R split by a bounded 
homomorphism. Since 2-nilpotent algebras are a-nilpotent by Axiom |3.20, R satisfies condition 



(vii) of Definition A. 15. That is, R is quasi-free. D 



3.1.6 The bimodule n\TA) 



By Corollary p.3l| , a-quasi-free algebras are always quasi-free. By Lemma |A.15| , it follows that 
ri^(R) is a projective bimodule. In particular, H^(TA) is a projective TA-bimodule. We show even 
that r2^(TA) is isomo rphi c to the free TA-bimodule on A. A concrete proof of this isomorphism 
is given in Appendix [A.q . Here we give a rather abstract proof based on an idea of Cuntz and 
Quillen ^ Proposition 2.6]. 

Let B be a complete bornological algebra and let V be a B-bimodule. The semi-direct product 
B IK V is the following complete bornological algebra. As a bornological vector space, B k V ^ B© V. 
The multiplication is 

(b,v)-(b',v'):=(b-b',v-b' + b-v'). 

In this definition, we used the B-bimodule structure to define products V • B and B • V, and the 
multiplication in the algebra B. It is straightforward to verify that B k V is a complete bornological 
algebra that fits naturally into a split extension of complete bornological algebras 

null(V) ^ B X V ^ B. 

That is, the summand V C B k V is an ideal with V • V = 0. The summand Be B ix V is a 
subalgebra and the natural projection B k V ^ B is a bounded homomorphism B k V ^ B. The 
relevance of B ix V is that bimodule homomorphisms i7^(B) — > V can be converted into splitting 
homomorphisms B ^ B x V and vice versa. 
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Lemma 3.32. Let B be a complete bomological algebra and let V be a B-bimodule. The bimodule 
homomorphisms fl^{B) — > V are those linear maps of the form {x)dy i-^ {x) ■ S{y) for all x,y E B 
with a bounded derivation S: B — > V. 

The bounded splitting homomorphisms for the natural projection B k V ^> B are the maps 
B— >BkV=B©V of the form (idB, S) with a bounded derivation S: B -^ V. 

Proof. Since 0^(B) = B+(8)B is a free left B- module, the left B- module homomorphisms J7^(B) ^ V 
are those linear maps of the form S: {x)dy i— > {x) ■ 5{y) with arbitrary bounded linear maps 
5: B — > V. The map 5 is even a bimodule homomorphism iff 5{xy) — x6{y) + 5{x)y for all x, y £ B, 
that is, (5 is a derivation. The bounded linear sections s: B ^ B ix V are those maps of the form 
(ide, 5) with an arbitrary bounded linear map 5: B — » V. The multiplication in B k V is defined so 
that s is multiplicative iff 5 is a derivation. D 

Before we can talk about ri^(TA), we have to solve a notational problem: The letter d is already 
used for the differential in fiA D TA. Therefore, we use a capital D for the differential in Vt{Tk). 

Proposition 3.33. Let IK be a complete bomological algebra. Then the following bounded linear 
maps are bomological isomorphisms: 



fOi: {TA)+ 



M5.ll 



(TA)- 



) A ® (rA)+ 

> A ^ TA, 
^TA, 



n^iTA), x®a®y^x{Da^{z))y, (3.9) 

a; ® a ^^ a; crA(a), (3.10) 

a ® X H^ <TA(a) a;. (3-11) 

(Ta(A) and Q}{TA) is free as 



Thus TA is free as a left and right TA-module on the subspace A 
a TA-bimodule on the subspace Da/\{A) = A. 

Proof. Let V be a TA-bimodule. We claim that composition with D o a-^: A -^ il^ (^A) gives 
rise to a bijection between TA-bimodule homomorphisms fl^{TA) -^ V and bounded linear maps 
A ^ V. This is precisely the universal property of a free module. Since universal objects are 
uniquely de term ined, it follows that /jO is a bomological isomorphism. 

Lemma 3.32 yields a bijection between bimodule homomorphisms il^(TA) -^ V and bounded 
splitting homomorphisms TA —>■ TA k V for the natural projection p : TA k V ^ TA. The bimodule 
homomorphism /: il^{ TA) — ^ V corresponds to the homomorphism {id, foD): TA -^ TA k V. By 



the universal property 3.16 of TA, composition with cta gives rise to a bijection between bounded 
homomorphisms TA ~> TA ix V and lanilcurs A —> TA k V. Furthermore, the homomorphism 
associated to a lanilcur Z : A -^ TAkV isasectionforp iffpo/ = cta- Thus we get a bijection between 
bimodule homomorphisms fl^{TA) -^ V and bounded linear maps Z : A — > V with the additional 
property that {a a, I): A ^ TA x V is a lanilcur. To a bimodule homomorphism /: ri^(TA) -^ V, 
this bijection associates the bounded linear map f o D o a i\: A ^ V. 

To finish the proof of (3.9), it remains to show that each map A -^ TA x V of the form (cta, V) 
with a bounded linear map /' : A — + V is a lanilcur. We have TAopo(crA, I') = Tp^oai\ = idA. Since this 
is a homomorphism, the curvature of (cta, V) factors through N := Ker(TA op) : TA k V ^ A. Since p 
is split surjective, we have an allowable extension Kerp ^-> N -» KerrA. Since Kerp ~ null(V) and 
KerTA = J A are a-nilpotent by Axiom 3.20] and Axiom 3.19|, the Extension Axiom 3.12 implies 
that N is a-nilpotent. Thus (cta,^') is a lanilcur by Axiom 3.21. The proof of (3.9) is complete. 

To obtain the isomorphisms ( p. 10 ) and ( |3.11 ), we consider the natural allowable extension 

E: n^{TA) ^ (TA)+ (TA)+ ^ (TA)+ 

(see ( ^.38[ ) below) and replace fl^{TA) by (TA)+ A (TA)+. This extension splits naturally as 
an extension of left TA-modules. Hence if V is a left TA-module, then 



£;0rAV: (TA)+ A V ^ (TA)+ V 



V 
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is an allowable extension of right TA-modules. We apply this to V := C with the zero module 
structure. That is, a; • 1 = for all x G TA. We get an extension (TA)+ A ^ ('?'A)+ -^ C. The 
map (TA)+ ^ C is the usual one with kernel TA and the map (TA)+ A ^ (^A)+ is induced 



by the bilinear map {x, a) ^-^ x Q cr(a). Thus (3.10) is an isomorphism. The isomorphism in (3.11) 



is obtained similarly by applying the functor C ®ta \—i to E. D 

3.1.7 The lanilcur category and Goodwillie's theorem 



The Extension Lemma 3.25. (ii) implies that lanilcurs form the morphism of a category. We call this 
category the lanilcur category. The category whose objects are the complete bornological algebras 
and whose morphisms are the bounded homomorphisms is called the homomorphism category. 
We show that T is a smooth homotopy functor from the lanilcur category to the homomorphism 
category. Up to smooth homotopy this functor is fully faithful, that is, smooth homotopy classes of 
homomorphisms TA — > TB correspond bijectively to smooth homotopy classes of lanilcurs A — > B. 



The proof uses only the axioms of Section 3.1 and hence carries over without change to absolutely 



continuous homotopies because AC([0, 1]) is tensoring as well. 

Lemma 3.34. Let I: A—f B be a lanilcur. There is a unique bounded homomorphism Tl: Tf\ 
TB making the diagram 



Tk-'^-^ TB 

A A 



O-A 



O-B 



(3.12) 



' ^ B 



commute, namely Tl :~ \as ° IJ- Moreover, p] = tb o Tl. 

Proof. Since ctb is a lanilcur, the map ctb ° ^ is a lanilcur as a composition of two lanilcurs. Thus 



Tl := |(7b o Z] is a well-defined bounded homomorphism by the universal property 3.16 of TA. In 
fact, the uniqueness part of the universal property asserts that Tl is the only bounded homomor- 
phism satisfying Tl o a/\ = as o I, that is, making the above diagram commute. The composition 
Tb o THs a bounded homomorphism with tb o Tl o a/\ = I. Hence \l\ — tq oTl. D 



Comparing (p. 12 ) and ( |3.6[ ), we see that if Z is a bounded homomorphis m, w e recover the 



usual functoriality of T for bounded homomorphisms. The universal property 3.1(: of TA can be 
interpreted as the assertion that the functor T is left adjoint to the inclusion functor from the 
homomorphism category to the lanilcur category. Next we establish that T is a smooth homotopy 
functor from the lanilcur category to the homomorphism category. A smooth homotopy in the 
lanilcur category is a lanilcur A -^ C°°([0, 1]; B). Smooth homotopy of lanilcurs is an equivalence 
relation. 

Lemma 3.35. The functor T is a smooth homotopy functor from the lanilcur category to the ho- 
momorphism category. In fact, any smooth homotopy in the lanilcur category H : A -^ C°°([0, 1]; B) 
can be lifted to a unique smooth homotopy in the homomorphism category H : TA — > C°°([0, 1]; TB) 
satisfying H o a/\ ^ C°°([0, 1]; (Tb) ° H . The same holds for absolutely continuous homotopies. 

Proof. Copy the proof of statement (iii) of the Tensor Lemma [3. 26], using that lanilcurs form a 



category instead of Lemma 3.24. Use that C°°([0, 1]) and AC([0, 1]) are tensoring. D 



Theorem 3.36. Let {i,p): N ;-^ E ^» A &e an a-nilpotent extension. Then N is smoothly con- 
tractible and A is a smooth deformation retract of E in the lanilcur category. Thus TN is smoothly 
contractible and TA is a smooth deformation retract of TE in the homomorphism category. In 
particular, Tp: TE —>■ TA is a smooth homotopy equivalence. 
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Proof. Since N is a-nilpotent, so is C°°([0, 1]; N) by the Homotopy Axiom 3.15| . Hence the bounded 



hnear map H : N — > C°°([0, 1];N) defined by Ht{x) := t ■ x is & lanilcur. Thus N is smoothly 
contractible in the lanilcur category. 

Let s: A — > E be a bounded linear section. The curvature of s has values in N. Since N 
is a-nilpotent, s is a lanilcur. By definition, p o s = id. Define H : E -^ C°°([0,1];E) hy H — 
l®\A + t® (sop -id), that is, Ht{x) ^ {\-t)x + t- {sop){x). Clearly, poH ^ C°°([0, l];p) 
(that is, p o Ht{x) — p{x) for all a; G E). Thus the cur vatur e of H factors through the a-nilpotent 
algebra C°°([0, 1]; N), so that H is a. lanilcur by Axiom |3.21 . The lanilcur H is a smooth homotopy 



between Hq — id and Hi —sop. Thus A is a smooth deformation retract of E in the lanilcur 
category. Upon applying the smooth homotopy functor T, we get that TN is smoothly contractible 
and that TA is a smooth deformation retract of TE in the homomorphism category. D 

In particular, this applies to the a-nilpotent extension J' A >-^ TA ^> A. Thus J' A is contractible 
and A and TA are smoothly homotopy equivalent in the lanilcur category. 

Let _F be a homology theory for a-quasi-free algebras, that is, a smooth homotopy functor from 
the homomorphism category of a-quasi-free algebras to the category of Abelian groups. We can 
extend F to a homology theory on arbitrary complete bornological algebras by F{A) :— F{TA). 
Since T is a homotopy functor from the lanilcur category to the homomorphism category of a- 
quasi-free algebras, F is a smooth homotopy functor on the lanilcur category. Thus Theorem |3.36| 
implies that F(N) = and F{E) = F{A) if N ^^ E ^» A is an a-nilpotent extension. This is a 
generalization of a theorem of Goodwillie about periodic cyclic cohomology [Q . 

This argument applies in particular to analytic cyclic cohomology and yields the special case of 
excision for a-nilpotent extensions. For nilpotent extensions of Banach algebras and entire cyclic 
cohomology, this special case has been proved by Khalkhali E^ . 

The functor A >— > TA from the lanilcur category to the homomorphism category is faithful. It is 
obviously not fully faithful, that is, there are bounded homomorphisms TA — > TB not of the form 
Tl for a lanilcur /: A ^ B. Nevertheless, the functor T is fully faithful up to smooth homotopy. 
To make this precise, we introduce some notation. Let Mor/(A; B) be the set of lanilcurs from A 
to B and let Mor;i(TA; TB) be the set of homomorphisms from TA to TB. We do not endow these 
sets with a topology. However, if M is a smooth manifold, we can define the set of smooth maps 
M — > Mor/(A; B) as follows. A map f : M ^> Morj(A; B) is called smooth if there is a necessarily 
unique / G Mor;(A; C°°(M; B)) with /(m) = ev,„ o / for all m G M, where ev„: C°°(M) ^ C 
denotes the evaluation at m G M. We define a similar smooth structure on Morft,(TA; TB). 

Define i/'^ : TB ^ C°° ( [0, 1] ; TB) by 

H^ = I (g) id - t (g) {id - (7B o tb). 
Since C°°([0, 1];tb) o iJ^ = C°°([0, 1];tb), the curvature oi H^ has values in C°"([0, 1]; J'B). This 



algebra is a-nilpotent by the Homotopy Axiom 3.15 , so that H^ is a lanilcur. 
Proposition 3.37. The map 

h: Mor,,(TA; TB) x [0, 1] -> Mor,i(TA; TB), (0, t) ^ |ijf o <j) o a^j 

is a natural smooth deformation retraction from Mor/i(TA; TB) onto T(Mor;(A; B)) . It satisfies 

h{(f>,l) = T(tb o(/)ocrA)- 

Proof. Since H^ and cta are lanilcurs, it is evident that h is well-defined. Furthermore, h{(j), 0) — (f) 
because Hq = id and 

h{<p, 1) = [ctb o TB o o o-a] = ^(tb o (/) o cta) 
by the definition of the functoriality for lanilcurs in Lemma ^.34 , 



The proof of the Homotopy Axiom 3.15 carries over to C°°{M) without change. Thus C°°(M) 



is tensoring. This implies that h is a smooth map. Details are left to the interested reader. D 
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3.2 The X-complex of TA and analytic cyclic cohomology 

The X-complex of a (unital) algebra is introduced by Cuntz and Quillen in fl^ . It is obtained by 
truncating the (&, i3)-biconiplex in degree 1. Its even cohomology can be interpreted as the space of 
traces on A modulo the equivalence relation generated by smooth homotopy. For most algebras A, 
the complex X{A) is not very interesting because it ignores all the information in HH"(A) with 
n > 2. For quasi-free algebras, however, there is no such additional information above degree 1 
and the X-complex computes the periodic cyclic cohomology of the algebra. The X-complex is a 
homotopy functor for quasi-free algebras in the following sense. 

Proposition 3.38. Let A and B be complete bornological algebras. Let (j)Q,(j)i: A — > B 6e AC- 

homotopic bounded homomorphisms. Assume that A is quasi- free. 

Then the induced maps X{(f)t), i = 0, 1, are chain homotopic. That is, there is a bounded linear 
map h: X(A) — > X(B) of degree 1 such that X{(j)o) — X[(l)i) — [d, h] with [d, h] :— dx(B.)°h-\-hodxif^y 

This is proved for fine algebras in Sections 7-8 of |l3] by writing down an explicit formula 
for h and checking that it does the trick. Such a proof carries over immediately to complete 
bornological algebras. It only remains to verify that the map h written down in p3[ is bounded. 



In Appendix A. 4, we will do this and in addition explain how to derive the formula for h. 

The analytic cyclic (co)homology of A is the (co)homology of the complex X{T f\). We define 
the bivariant analytic cyclic cohomology HA* (A; B) as the homology of the complex of bounded 
linear maps from X{TA) to X{TB). In these definitions, we can replace TA and TB by arbitrary 
universal a-nilpotent extensions of A and B, respectively. If N ^-> R — » A is a universal a-nilpotcnt 
extension of A, then R is naturally smoothly homotopy equivalent to TA. Thus the complexes 



X(TA) and X{R) are homotopy equivalent by Proposition 3.38 and compute the same cohomology. 



In addition. Proposition 3.3S implies that the analytic cyclic cohomology theories are invariant 
under absolutely continuous homotopies. They are also stable with respect to the algebra £^{%) of 
trace class operators on a Hilbert space and similar objects. Stability is straightforward to prove 
using an idea of Elliott, Natsume, and Nest |13]. Using that the fine algebras C and C[u,m~^] 
are a-quasi-free, we construct the Chern-Connes character from topological X-theory to analytic 
cyclic homology. 

The identification of ri^(TA) in ( pT9| ) gives rise to an isomorphism X(TA) = JlanA as Z2-graded 
bornological vector spaces. We compute the boundary d: rianA — > fianA coming from the boundary 
in the X-complex X{TA). This boundary map d is quite similar to the more well-known boundary 
B -\- b used to define entire cyclic cohomology. In fact, Cuntz and Quillen [Q have shown that, 
in the situation of periodic cyclic cohomology, these two boundaries give rise to chain homotopic 
complexes. Making their argument more explicit, we obtain that if A is a (unital) locally convex 
algebra endowed with the bounded homology, then the analytic cyclic cohomology HA* (A) is 
naturally isomorphic to the entire cyclic cohomology HE* (A) in the sense of Connes 0, §. Hence 
entire cyclic cohomology is a special case of analytic cyclic cohomology. 

The homotopy invariance and stability of analytic cyclic cohomology specialize to analogous 
statements about entire cyclic cohomology. These special cases have been handled previously by 
Khalkhali. See |^ for a nice survey. 

3.2.1 The X-complex of a quasi-free algebra 

Let A be a complete bornological algebra. Let f^^A/[,] := f}iA/[f7iA, A] :== 9}A/b{^^A). This is 
the commutator quotient of Q}A. Let X^(A) be the Hochschild complex of A truncated in degree 1: 

— > n^A/b{n^A) -^ n°A. 
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Since bob ~ 0, the boundary b descends to a bounded linear map 6,: r2^A/[, ] -^ f2°A. The 
subspace 6(ri^A) C il^A may fail to be closed, so that Xi^{A) may be non-separated. However, 
if A is quasi-free then 6(fl^A) is a direct summand in fi^A by Proposition A.l§| , so that Xp{A) is 
separated. 



The complex Xp{A) will be used in the proof of the Excision Theorem. It is obviously related to 
Hochschild homology and thus can be treated by the tools of homological algebra. The X-complex 
X{A) is almost equal to Xi3{A), we only add another boundary do : -'^o(A) — > -^i(A) that is defined 

by do := d* : A — > f7^A — > il^A/[, ]. Thus we send ao to the class of dao modulo commutators. 
It is clear that 6* o d^ = 0. We have d^, o b^, = because 

db{{ao)dai) = d[(ao),ai] = b{daid{ao) - d{ao)dai) = -bB{{ao)dai) 

for the bounded linear map B: fl^A -^ il^A defined by B{{ao)dai) :— d{ao)dai — daid{ao). Hence 
db{n^A) C -bB{n^A) C b{n^A). This means that d^ob^= 0. Thus X{A) is a Z2-graded complex 
of bornological vector spaces. 

The X-complex is defined in a natural way and thus functorial for bounded homomorphisms. 
A bounded homomorphism 0: A ^ B induces the chain map X{(l)) : X{A) — > X{B), 

Xma) := 0(a), Va G A; 

X(,^)((ao)daimod[,]):=0(ao)d<^(ai)mod[,], V(ao) G A+, ai e A. 

The cohomology of X(A) is interpreted by Cuntz and Quillen ||l^ . An even cocycle / : X{A) -^ C 
is a bounded linear map A ^ C satisfying I o b = 0, that is a bounded trace on A. An even 
coboundary is a trace of the form I' o d for a bounded linear map I': ri^A/[,] -^ C, that is, a 
bounded trace on fl^A. The equivalence relation obtained by addition of such coboundaries is a 
simple special case of the relation called cohordism by Connes |q|. Alternatively, this relation can 
be generated by smooth homotopy. The space of traces on A is a contravariant functor that is far 
from being homotopy invariant. In order to get a smooth homotopy functor, we should identify 
traces that are of the form To f^, where /: A — > C°°([0, 1]; B) is a smooth homotopy and T: B — > C 
is a bounded trace. If we have such a smooth homotopy, then the traces T o fi and T o fo differ 
only by the coboundary of the trace 

f^ d 

{x)dy^ / ft{x)-^ft{y)dt 

on ^^A. Conversely, cobordant traces are smoothly homotopic (see O, Proposition 4.2]). In 
particular, the cohomology iJ''(X(A)) is a smooth homotopy functor for arbitrary algebras A. 
The odd cohomology is only smoothly homotopy invariant for quasi-free algebras. 

3.2.2 Definition and functoriality of analytic cyclic cohomology 

Let A be a complete bornological algebra. Define the analytic cyclic homology and cohomology 
HA*(A) and HA*(A), * = 0, 1, as the homology and cohomology of the Z2-graded complex of 
bornological vector spaces X{TA). (For the cohomology, we only consider bounded linear maps.) 
Define the bivariant analytic cyclic cohomology HA*(A;B) as the h omolo gy of the complex of 



bounded linear maps X{TA) -^ X{TB). In the notation of Appendix |A.2.l| , we have 



HA*(A;B) ■.= H*{X{TA):X{TB)), * = 0, 1. 

We will see that X{TC) is naturally chain homotopic to the complex C[0] with C in degree and 
in degree 1. Hence HA*(C; A) ^ HA^A) and HA*(A;C) ^ HA* (A). 
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The composition of linear maps gives rise to an associative product on the homology groups 
HAXAi;A2)0HA^(Ao;Ai)^HA'+-'(Ao;A2), i,j=0,l. 
A bounded homomorphism / : A — > B induces a bounded chain map 

X{Tf): X{TA) -^X{TB) 



and thus a class [/] in HA (A; B) by Lemma p.24 and (3.13). Composition with [/] makes HA*(A; B) 



a bifunctor for bounded homomorphisms contravariant in the first and covariant in the second 
variable. It makes HA* (A) and HA* (A) into functors as well. 

Roughly speaking, elements of HA (A) may be viewed as homotopy classes of traces on a- 
nilpotent extensions of A. Firstly, we can view HA"(A) :— iJ'^(X(TA)) as the space of smooth 
homotopy classes of traces on TA. Let N ^^ E ^> A be an a-nilpotent extension of A and let 
T: E -^ C be a trace on E. By the Universal Extension Theorem |3.28| , there is a morphism of 
extensions (,f,-0,id) from the universal a-nilpotent extension J' A >-» TA -^ A to N k-> E -^ A. 
Furthermore, this morphism is unique up to smooth homotopy. Thus the trace T o ^ on TA 
defines a unique homotopy class of traces on TA and thus a unique element of HA (A) . 

3.2.3 Homotopy invariance and stability 



in 



Theorem 3.39. Let /o, /i : A — > B he AC-homotopic bounded homomorphisms. Then [/o] = [/i 
HA (A; B). Thus analytic cyclic homology and (bivariant) analytic cyclic cohomology are invariant 
under absolutely continuous homotopies. 



Proof. Let /( : A — » B, t = 0, 1, be AC-homotopic homomorphisms. Lemma 3.27 implies that the 
homomorphisms T/j : TA — > TB are AC-homotopic as well. By the Extension Lemma 3.25. (iii), 
the algebra TA is a-quasi-free and a fortiori quasi-free by Corollary 3.31 . Proposition |3. 3^ therefore 



implies that the induced maps XiT ft) : XiTA) — > X{TB) are chain homotopic. Thus [/o] — [/i] 
HA°(A; B) as asserted. Since the functoriality of the analytic cyclic theories is given by composition 
with the class [ft], it follows that AC-homotopic homomorphisms induce the same map on all 
analytic cyclic (co)homology groups. D 

Theorem 3.40. Let {i,p): N ^^ R ^> A &e a universal a-nilpotent extension of A. Then the 
complex ^(R) is chain homotopic to X{TA) in a canonical way. If {^,ip, id) is a morphism of 
extensions from J A >-^ TA — » A to N >^ R -» A, then X(^^): X{TA) -^ X{R) is a homotopy 
equivalence of complexes. The class [X{ip)] of X{ip) in H* [X{TA); X{R)) does not depend on the 
choice oftp. 

In particular, if A is a-quasi-free itself, then X{t/\) : X(T A) —> X{A) is a homotopy equivalence 
of complexes. If v. A — > TA is a bounded splitting homomorphism, then X(v) is an inverse to 
X(ta) up to homotopy. 



Proof. By the Uniqueness Theorem 3.29, the extension N ^^ R ^> A is smoothly homotopy equiv- 
alent to i7A >^ TA ^> A. In particular, R and TA are smoothly homotopy equivalent. That is, 
there are homomorphisms tp ■ ^A — > R and -0' : R — > TA such that tp o ip' and ip' o ip are smoothly 
homotopic to the identity. Furthermore, ip ^nd ip' Eire unique up to smooth homotopy. Since R 



and TA are a-quasi-free, they are quasi-free by Corollary 3.31. The homotopy invariance of the 



X-complex 3.38 therefore applies. It shows that X{ip o ip') = X{ijj) o X{ip') ^ id, X{ip' o ?/)) ~ id, 
and that [A" (■(/;)] is independent of the choice of ip. 

If A is a-quasi-free, then we can apply this to the universal a-nilpotent extension ^^ A ^> A. 
This yields that X{ta) and X{v) are inverses of each other up to chain homotopy. D 
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Next we prove stability with respect to the algebra i^ (!K) of trace class operators on a Hilbert 
space. We endow this Banach algebra with the bounded homology. Actually, it is easier to prove 
a more general result. The problem with £^(5{) is that during the proof we have to consider the 
bornological tensor product £^ (IK) i^ CK) = fi {3i (Xj^t JC) , but 5{ ®7r ?^ is no longer a Hilbert space. 
Therefore, we consider the following more general situation. 

Let V and W be complete bornological vector spaces and let 6: W x V ^ C be a bounded 
bilinear map that is not the zero map. That is, there are Vq e V, Wq G W with 6(wo,Vo) = 1. We 
endow the complete bornological vector space V (g) W with the multiplication defined by 

(vi (g) wi) • (v2 ® W2) := vi (g) 6(wi, V2) • W2. 

It is straightforward to verify that {S(»T) ■ (SC^T) C c-{S(»T)'^ for the constant c := sup \b{T, S)\. 
Thus the multiplication above is bounded on V® W and therefore extends to V(g)W. It is evidently 
associative. Given S e 6(V), T e 6(W), we rescale T e 6(W) such that \b{S,T)\ < 1. Then 



,0 



{{S (g)T)-{S<g) T)y C (5 ® T)0. It follows that {{S ® r)^)°° C V ® W is small. By Lemma |TJ, 
the algebra V (g) W is tensoring. 

If we let V := !K, W :— J-C' , and let 5: 3^^ x J{' ^ C be the natural pairing with the dual, then 
Vg)W = i^{D{) is isomorphic to the algebra of trace class operators. The isomorphism sends v(g)w 
to the rank one operator ^ 1— > v ■ w(^). Thus we write i^{b) for the algebra V (g) W defined above. 

On i^{b), we have a natural trace tr defined by tr(v g) w) := 6(w, v). This generalizes the usual 
trace on i^{'K). In addition, we have an analogue of rank one idempotents. Let Vq G V and Wq G W 
be such that fe(vo, wq) — 1. Define po :— Vq g) Wq G ^^(&). Then p^ — po and trpo ~ 1- 

Thus we can define a bounded homomorphism l: C —>■ £^{b) by i(l) := pq. Tensoring with 
an arbitrary complete bornological algebra A, we obtain a natural bounded homomorphism l/\ := 
idAgii: A^ A(g)^i(5). 

Theorem 3.41 (Stability Theorem). The class of if^ is an invertible element in IIA°(A;Ag) 
f{b)). Thus RA^A) =HA,(A(g£i(6)), HA* (A) ^ilA*{A®f{b)), and similarly for the bivanant 
theory. 

Proof. We abbreviate t := t^{b). We construct a chain map t^ : X{T{k®J^ -^ X{TA) that is a 
candidate for the inverse of [^a]. Since i^ is tensoring, the Tensor Lemma [3.26| .(iii) yields a natural 
bounded homomorphism /a: T(A g) £^) -^ {TA) g) fi that is determined by /a o cr^^^i = cta g) id. 
This implies, by the way, that 

/A((ao ® To)d(ai ® Ti) . . . d(a2„ ® T2„)) = (ao)dai . . . da2„ (g {{To) • Ti ■ • • T2„) 

for aj G A, Tj G £^. Thus we get a natural chain map A:(/a) : X{T{A g) g^)) -^ X{{TA) g) g^). 
If B is any complete bornological algebra, we define tre : X{B g) £^) -^ X{B) by 

trB(b ® T) := tr(r) • b, trB(bo (g To^bi ® Ti)) := tr(Tori)bodbi. 

The tracial property of tr easily implies that tre : X{B (g) £^) -^ X{B) is a well-defined chain map. 

For B = TA, this yields a natural bounded chain map t/\ :— tr^A °X{f/\) : X{T{A g) £^)) — > 
X{TA). We claim that [^a] G HA°(Ag)£^; A) is inverse to the homology class [^a] of the chain map 
X(T/,a): X{TA)^X{T{A^£^)). 

Since iA is a homomorphism, one easily checks that /a o T^a = tTA- Since tr(po) = 1 for any 
rank one idempotent, it follows that ^a o X{Tla) = id. That is, [t/i,] o [^a] = 1 in HA°(A; A). It 
remains to show that [^a] ° [^a] = 1 in HA°(A (g £^; A g) £^). There are two standard injections 
A g) £i ^ (A (g) £i) g) £\ namely 

io := idAtgid^igJi = i/^tg,e^ ■ (ag)T) i~^ agjTgjpo, ii ■— idA^ttgid^i = tAgjid^i : (a®T) 1-^ ag)po®T- 
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We have [^Aigi^i] ° [*o] = 1 and [i^^^i] o [ii] = [la] o [<a]- The latter equation follows formally from the 
naturality of ^a- We will prove that i^id^i and id^i (E)l are smoothly homotopic maps £^ -^ i^^l^. 



It follows that «o and ii are smoothly homotopic for any A. Thus [io] — [ii] by Theorem 3.39. 
Hence [l/\] o [t^] = 1 as desired. 

It remains to prove that io = i ® id^i and zi = id^i t are smoothly homotopic. We define 
a multiplier -d oi £^ (^ fi such that conjugation Ad('i?) with -d implements the coordinate flip 
.^1 (g) £i ^ £i (g) ^1 sending Ti ® Ta ^ Ta (g) Ti . Recall that ^^ g) ^^ = ( V ® W) ® (V W) as a complete 
bornological vector space. We define left and right multiplication by i? by 

^ • (vi g) wi g) V2 g) W2) := V2 g) Wi g) Vi g) W2, (vi g) wi g) V2 g) W2) • I? := Vi g) W2 g) V2 g) Wi. 

Left and right multiplication by ■& extend to bounded linear maps fi ^ £^ ^ £^ ^ £^. Moreover, 
•& ■ (xy) — {1} ■ x) -y, [xy) ■ d = x ■ {y ■ d), and {x ■ -d) ■ y = x ■ {-d ■ y) for all x,y € t- ®i^. That is, -d 
is a muhipher of £^®t-. In the case of £^{'K), we have £i(J{) g) (.'^{'K) ^ £^{'K g)^ K) and -d is the 
coordinate flip "K ®tj 3-C ^ 3-C (g^r !K viewed as a multiplier of i?^(5{ (1),^ J{). 

Wehavei?2 = l, that is, i?-z9-x = x = x-z9-i? and Ad(i?)(rig)r2) := ■d-{Ti^T2)-^~^ =T2®TiioY 
all Ti , T2 G £^ . Therefore ii = Ad(i?) o ig. There is a natural path of invertible multipliers joining d 
to the identity, defined by dt := cos(7rt/2) • 1 + sin(7rt/2) • ■& and z^^"^ := cos(7ri/2) • 1 - sin(7rt/2) • d 
for i G [0, 1]. A computation using d"^ = \ shows that d^^ ■ dt = dt ■ "^t^ = 1 for all t. Moreover, 
t^o = 1 and di — d. The bounded homomorphisms it ■= Ad(t?t) o iq provide a smooth homotopy 
between iq and ii as desired. D 

As special cases we get the well-known results that entire cyclic cohomology is stable with 
respect to M[„ = £^(C"), the trace class operators £^{JC), and the algebra i of matrices with 
rapidly decreasing entries. The latter is obtained by letting V = W be the space of rapidly 
decreasing sequences with the pairing b(^{xn), (i/ri)) ■— S^n ' Vn- 

3.2.4 Adjoining units 

We show that analytic quasi- freeness is inherited by unitarizations. As a consequence, X(T(A+)) = 
X{TA) © C[0] for all complete bornological algebras A. Thus analytic cyclic cohomology satisfies 
excision for the particular extension A >-^ A+ -» C We need that the algebra C is a-quasi-free. 
This is also important for the Chern-Connes character in the even iiT-theory. 

Proposition 3.42. The fine algebra C of complex numbers is analytically quasi-free. 

Proof. Let e G C be the unit clement. A splitting homomorphism C -^ TC is equivalent to a 
lifting of e to an idcmpotcnt e in TC. That is, e e = e and T(e) — e. Our construction of e 
follows ||. 

Adjoin units to C and TC and consider the involution 7 = 1 — 2e G C+. It suffices to 
lift 7 to an involution 7 in (TC)"*". That is, t~^{j) = 7 and 707 — 1. We make the Ansatz 
7 := (1 + n) (1 — 2o'(e)) with n G J'C This is always a lifting for 7 and satisfies 

7 7 = (1 + n)^ (1 - 2cr(e)) (1 - 2cr(e)) = (1 + n)'^{l - Mede) 

because (TC)+ is commutative. Hence 7 is an involution iff n = (1 — Adede)^^/^ — 1. The function 
/: z >— > (1 — 4z)^^/^ — 1 is holomorphic in a neighbourhood of the origin and satisfies /(O) = 0. 



Since J7C is a-nilpotent, n — f{dede) is well-defined by Lemma 3.10| and solves our problem. 
Thus C is a-quasi-free. Explicitly, the power series of / is 



3.2. THE X-COMPLEX OF TA AND ANALYTIC CYCLIC COHOMOLOGY 41 



Thus 



2jA .. ^2, 1 f^J 



e = i(l -7) = e+ (e- i)/(dede) = e + J2 i^'^ jeide)'^ _ _ (^ ^:' j (de)^^. (3.14) 

By the way, the binomial coefficients (^^) are always even. Thus the coefficients in ( ^.14| ) are 
integers. D 

Proposition 3.43. A complete bornological algebra A is a-quasi-free iff A^ is a-quasi-free. 
Proof. Let A be a-quasi-free. We have to construct a bounded splitting honiomorphism A+ — > 



T{A^). Since the algebra C is a-quasi-free by Proposition 3.42, we can lift the homomorphism 
C — > A+ sending 1 i-^ 1^+ to a homomorphism C —^ T{A~^) by Theorem 3.30| .(iii). That is, we can 
lift 1a+ to an idempotent e e T(A+). Thus eQ e ~ e. We cut down T(A+) by this idempotent. 
Since TA(e) — 1a+, we get an allowable extension of complete bornological algebras 

e J(A+) e >^ e T(A+) e ^ A+. 

A bounded linear secti on for this extension is a; i-^ e a/\+ (x) e. Since A is a-quasi-free, another 



application of Theorem 3.30 . (iii) allows us to lift the natural homomorphism A -^ A+ to a bounded 
homomorphism v' : A -^ e T(A"'") e. We extend v' to a bounded linear section v : A+ -^ T(A+) 
by putting w(l) := e and v{x) :— v'{x) for x G A. This map u is a homomorphism because 
e v'{x) = v'{x) Q e — v'{x) for all x £ A. Thus A+ is a-quasi-free. 

Conversely, assume that A+ is a-quasi-free. We have to construct a bounded splitting homomor- 



phism A — ^ TA. Theorem 3.30. (iii) provides a bounded splitting homomorphism v. A+ — > (TA)+ 
for the a-nilpotent extension 

(i,T+): JA^ (TA)+ ^ A+. 

Since t"*" o v{x) = a; £ A for all a; S A, the restriction of z; to A has values in TA C (TA) + . 
Therefore, w|a is a bounded splitting homomorphism A — > TA and A is a-quasi-free. D 

Theorem 3.44. Let A be a complete bornological algebra. Then (TA)+ and T(A+) are both 
analytically quasi-free and smoothly homotopy equivalent. The complex X(T(A^)) is naturally 
chain homotopic to the complex X{TA) © C[0]. Thus there are natural isomorphisms HA*(A+) = 
HA*(A)©C[0], HA,(A+) = HA»(A)©C[0], HA*(B; A+) = HA*(B)0HA*(B; A), andHA*(A+; B) ^ 

HA4B)©HA*(A;B). 



Proof. By Proposition 3.43 , the exten sion J A ^^ (TA)+ -*> A+ is a universal a-nilpotent extension 
of A+. The Uniqueness Th eorem |3.29 implies that (TA)+ and T(A+) are naturally smoothly homo- 



topy equivalent. Theorem 3.4C implies that X(T(A"'")) is naturally chain homotopic to X((TA)+). 
We claim that X(B+) = X{B) C[0] for any complete bornological algebra B. Clearly, 
A"o(B+) = B+ = B © C. Let 1 G B+ be the unit and let V be the linear span of terms xdl and 
dx - Idx with X e B+. We wiU prove that b{n^{A+)) = b{n^A) + V. Since 9}{E,+ ) = f^^B © F, 
this implies that Xi(B) = Xi(B+). The claim X(B+) ^ X(B) © C[0] follows. Since 

b{\dldx — dldx) — dx — Idx, b{xdldl) — xdl 

for all X e B+, we have V C 6(J7^(A+)). Computing the commutators b{dxdl) ~ b{dldx) = 
xdl — (dx — Idx), b{ldxdy — dxdy) — d{xy) — ld{xy), b{xdldy) — yxdl, b{xdydl) — xydl, we ffird 
that &(t72(B+)) cV + b{n^A). 

Thus X{T{A+)) - X{{TA)+) ^ X{TA) © C[0]. The isomorphisms of the associated (co)ho- 
mology groups listed above follow immediately. D 
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3.2.5 The Chern-Connes character in K-theory 

The definition of the Chern-Connes character in the even iiT-theory is an apphcation of the analytic 
quasi- freencss of the complex numbers C Similarly, the quasi- freeness of the algebra of Laurent 
polynomials yields the Chern-Connes character in odd iiT-theory. Our construction of the Chern- 
Connes character follows the construction of Cuntz and Quillen |13J for periodic cyclic homology. 
Idempotents in an algebra A are the same thing as (bounded) homomorphisms C ^ A. An 
idempotent e corresponds to the bounded homomorphism e: A i— > A ■ e. Let N ^^ E ^» A be an 



a-nilpotent extension and let e € A be an idempotent. Since C is a-quasi-free by Proposition 3.42 



we can apply Theorem 3.3C to lift the homomorphism e to a bounded homomorphism C — > E. That 
we can lift e to an idempotent e S E. Furthermore, the uniqueness assertion of Theorem p. 30 



implies that e is unique up to smooth homotopy. Two idempotents in E are smoothly homotopic iff 
they can be joined by a smooth path of idempotents iff the corresponding homomorphisms C — > E 



are smoothly homotopic. Furthermore, the Universal Extension Theorem |3.28| implies that liftings 
of smoothly homotopic idempotents remain smoothly homotopic. Thus the projection E ^ A 
induces a bijection between smooth homotopy classes of idempotents in E and A. 

In particular, we can apply this to the extension J^A ^-> TA ^> A to lift idempotents in A 
to idempotents in TA. In this case, there is a canonical way to lift idempotents. Let / S A be 
an idempotent. The corresponding homomorphism /: C — » A induces a natural homomorphism 
Tf : TC -^ TA by Lemma |3.24 . We co mpose this with the splitting homomorphism v. C ^ TC 



constructed in the proof of Proposition 3.42. This yields a homomorphism C -^ TA lifting /. 
The corresponding idempotent / in TA is obtained by evaluating Tf on the idempotent e G TC 
described in ( ^3.14 ). Thus 



J=l ^ -^ -^ 

Since /^ = /, we have 5o(/) = 0. Thus / defines a class ch(/) e Ho{X{TA)) = HAo(A). 

We have an alternative description of ch(/). The homomorphism u: C -^ TC constructed in 



the proof of Proposition 3.42 induces a homotopy equivalence of complexes -'^(C) — > X{T<C). 

— / \ 

Composition with X{y) therefore gives rise to an isomorphism IIA*(C; A) — > H* (A"(C); A"(TA)j . 
Identifying X{C) ^ C[0], we obtain an isomorphism Ho{X{C)]X{TA)) ^ Hq{X{TA)) ^ HAo(A). 
The homology class ch(/) G HAo(A) is the image of the class [/] G HAo(C; TA) under this isomor- 
phism. This definition shows immediately that ch(/o) = ch(/i) if /o and /i are AC-homotopic. 

Before we can write down the Chern-Connes character properly, we should define what we 
mean by Ji'-theory. We can use algebraic A'-theory, but this is not really the right domain of defi- 
nition for the Chern-Connes character. Rather, we should use a topological K-theory for complete 
bornological algebras. The definition of Phillips |gl[ of a topological AT-theory for Frechet algebras 
carries over immediately to complete bornological algebras. However, it is not clear whether the 
resulting theory has good homological properties (like excision) . 

Let A be a complete bornological algebra. Let I be the algebra of matrices (a;ij)ijGN with 
rapidly decreasing entries. This algebra is used by Phillips |Q and Cuntz Q. We construct the 
algebra A :— M2®(A0fi)+. That is, we first stabilize A by t, then adjoin a unit to the stabilization, 
and finally take the 2 x 2-matrices over this unitarization. Let /(A) be the set of all idempotents 
e G A for which e— (Jq) GA®t. Two elements of J(A) are smoothly homotopic iff they can be 
joined by a smooth path inside /(A). The topological K-theory Kq{A) of A is defined as the set of 
smooth homotopy classes of elements in /(A). There is a natural addition on A'o(A) that makes it 
an Abelian group. This is the topological A'-theory studied by Phillips for locally multiplicatively 
convex Frechet algebras. 
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We define the Chern-Connes character ch: Ko{A) — > HAo{A) as follows. Let e G ^(A). This 
defines ch(e) £ HAo(A) as above. The stability of HAo with respect to M2 and t (Theorem pAl) 



and Theorem 3.44 yield a natural isomorphism 



HAo(A) ^ HAo((A ® «)+) = HAo(A d 6) ® C[0] ^ HAo(A) © C[0]. 

We define ch(e) e HAq (A) as the component of ch(e) G HAo(A) in HAo(A). By the way, e- (q [5) ^ 
A (i) t implies that the component in C[0] is always 1. This procedure defines a natural group 
homomorphism Ko{A) — > HAo(A). 

Phillips's definition of i^i(A) is as follows. Let U{A) be the set of elements a; e A (g) t such that 
1 + a; G (A eg) t)^ is invertible. The smooth homotopy classes of elements in C/(A) form an Abelian 
group Ki{A). We call an element x G A invertible— 1 iff 1 + x G A"*" is invertible. Let U be the 
universal algebra generated by an invertible— 1 element. That is, U is the universal algebra on two 
generators a, b satisfying (1 + 6) • (1 + a) = (1 + a) • (1 + 6) = 1, that is, a + b + ab = a + b + ba = 0. 
We can realize U concretely as a maximal ideal 

U-{/gC[u,u-1]|/(1) = 0} 

in the fine algebra C[u, u^^] of Laurent polynomials. The generators a, b correspond to u — 1 and 
u^^ — 1, respectively. 

Proposition 3.45. The fine algebra U is analytically quasi-free. 

The X-complex of U is chain homotopic to the complex C[l]. The l-form (1 + b)da mod [, ] is 
a cycle and generates the homology of X(U). 

Proof. By the universal property of U, a lifting homomorphism U ^^ TU is determined by liftings 
a, 6 G TU of a and b (that is, T{d) = a, t(S) = b) satisfying (1 + a)(l + 6) = (1 + b){l + a) = 1. 

Lift a to a := a{a). Then (l + a{b)) © (1 + a) = 1 + a{b) + a{a) + a{ba) - dbda = 1 - dbda. 
Similarly, (1 + d) (l + o-(6)) = 1 — dadb. Since J\i is a-nilpotent, both 1 — dbda and 1 — dadb are 
invertible. Thus (1 + d) is invertible with inverse 

00 
1 + 6 := (1 + a)-^ - (1 + cr(6)) © (1 - dadb)-^ = (1 + 6) Y^{dadby . 

3=0 

Thus 

00 

a>-^d^a, b ^ b = b + ^(dadby + b{dadby (3.15) 

defines a lifting homomorphism U -^ TU. 

It is clear that Xo(U) = U c <C[u,u-'^]. We claim that the odd part Xi(U) = f^^U/[,] is 
isomorphic to C[m, u~^] via the map \\: f dg mod [, ] 1-^ f-g'. Since U is commutative, the derivation 
rule for d implies that d{f") = nf"-^df + [,] for aU / G U, n G Z. It follows that f dg = 
f ■ g' da mod [, ] for all / G C[u, u~^] and g G U. Moreover, 

^ O 6((/o) d/id/2) = (/o) • /i • /^ - (/o) • (/i • /2)' + (/o) • /{ • /2 = 

for all fj G U. Thus t] is a well-defined map Xi(A) -^ C[u,u^^]. It is bijective. 

The boundary di : ^i(A) — > Xo(A) is the zero map, whereas the boundary do : Xo{A) — > -'fi(A) 
is the map f ^^ f . The map do is injective because /' = implies that / is constant and 
thus / = /(I) = 0. The range of da is the linear span of u", n G Z \ { — 1}. Hence X{(J) 
is the sum of a contractible complex and the complex C[l]. The copy of C[l] is generated by 
u~^da = (1 + b)da = da + bda. D 
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Let a; £ A be invertible— 1. Then a >-^ x, b t-^ {1 + x) — 1 defines a homoniorphisni x : U — > A. 
Let [x\ £ HA°(U;A) be its homology class. By Proposition 3.45, the algebra U is a-quasi-free. 



A natural bounded splitting honiomorphism w: U — > TU is described by (3.15). Theorem ^.40 
implies that X{v) : X{\J) -^ X{T\J) is a homotopy equivalence. Let ci S C \ {0} be a constant. 
Then the map /: C [!]_—> X{\J) sending 1 h-> ci • (1 + 6)(ia is a homotopy equivalence by the second 
part of Proposition p.45| . Hence composition with X{v) o f gives rise to an isomorphism 

HA°(U;A)=iJ"(X(TU);X(TA)) = H"{C[1];X{TA)) ^ Hi{X{TA)) 9^ HAi(A). 

We can now apply this to the class [x] G HA"(U; A) of an invertible— 1 element x. The resulting 
homology class ch(x) G HAi (A) is represented by the cycle 

oc oo 

X{Tx) oX{v){ci{l + b)da mod [,]) = ci^(l + x)^'^ [dxdyy dx = ci'^{dx + ydx){dydxy 

with y = (1 + xy^ - 1 = x{b). 

In the definition of this map, we left a free constant ci because, unlike in the even case, the 
obvious choice ci = 1 has some drawbacks. Its advantage is that it gives rise to integer coefhcients 



because all coefficients in (3.15) are integers. Its disadvantage is that it does not combine well 
with Bott periodicity. The integral of the 1-form u~^du over the unit circle is 2Tri by the Cauchy 
integral formula. Hence the constant 27rj likes to come up even though we have integer coefficients. 
This cannot be helped altogether. To combine well with Bott periodicity and the bivariant Chern- 
Connes character, the best choice is the compromise ci = {2ni)~^^^ between 1 and {2TTi)~^ (see M). 
This is also the choice of Connes S, when translated from his (di, d2)-bicomplex to X{TA). Since 
we do not consider the bivariant Chern-Connes character here, any choice for ci is good for us. 

Alternatively, the Chern-Connes character can be described as follows. Let x G TA be any 
lifting of X. Then x is invertible— 1 and a t—^ x defines a lifting homomorphism '0: U — > TA lifting 
X. We let ch(a;) be the homology class of the cycle ci(l + x)^^ Dx mod [,] G Xi(TA). This is 
the image of the cycle ci(l + b)da G Xi{\J) under X{4>) and therefore a cycle. Its homology class 
does not depe nd on ij) because ip is unique up to smooth homotopy by the U niver sal Extension 



Theorem 3.28 . Thus X{il}) is unique up to chain homotopy by Proposition 3.38 because U is 
quasi-free. 

We can now extend this construction to a Chern-Connes character Ki{A) -^ HAi(A) as in 
the even case. Represent an element of i^i(A) by an invertible— 1 element in A (g) £. Take its 
Chern-Connes character in HAi (A (§) 6) and apply stability to obtain an element of HAi (A) . 

For any complex, there is a natural pairing between homology and cohomology by evaluating 
linear functionals on elements. For the complex X{TA), this yields a natural pairing HA<,(A) x 
HA* (A) ^ C for * = 0, 1. If we combine this with the Chern-Connes character, we get a natural 
pairing K^A) x HA* (A) ^ C for * = 0, 1. 

3.2.6 The X-complex of TA and entire cyclic cohomology 



By Proposition 3.33| , we have a natural bimodule homomorphism J7^(TA) = (TA)+ i§) A (8) (TA) 



+ 

Thus n^{TA)/[,] is bornologically isomorphic to (TA)+ A = ^l^'^A via the map {x){Da){y) mod 
[, ] i-^ (y) {x)da for all x,y E TA, a G A. Combining this with the definition Xo(TA) = 
TA = fii^^'^A, we get a grading preserving bornological isomorphism between the underlying 
vector spaces of X{TA) and fianA. In the following, we use this isomorphism to identify X{TA) 
and r^anA. We write d for the boundary of X(TA) transported to fianA. Cuntz and Quillen [^ 
obtain explicit formulas for the boundary ilA -^ HA coming from the boundary X(TA) -^ X(TA). 
Since d is bounded on fianA, it must be the extension to the completion of the boundary on 51A. 
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Hence we can copy the formulas for d in p3| . They involve the Karoubi operator k defined by 
k{uj da) :— {—l)'^''^^da ■ uj. In Appendix |A.3.1, we recall some identities satisfied by n proved 



already by Cuntz and Quillen Wn 



di^b-{l + K)d on fi°,t'^A; (3.16) 

2n n— 1 

do = Y^ K^d - J2 '^'^^b on 17^" A. (3.17) 

j=0 ]=Q 



To assist those readers not familiar with ITS], we prove these identities in Appendix A. 5.1 together 



with a concrete proof of the isomorphism TF(TA) = (TA)+ (X)A(X'(TA)+. The operator _B on 51A is 
defined by X]?=o '^''^ '-'^ ri"A. It extends to a bounded operator B: fianA -^ ilanA. This operator 
correspon ds to t he operator B introduced by Connes. It satisfies Bb — —bB = and BB = (see 



Appendix A. 3.1 ). Thus the two boundaries {b,B) make fianA a bicomplex. 

In iQ, an explicit chain homotopy between the complexes {^A,B + b) and (fiA, 9) is con- 
structed. This chain homotopy involves multiplication by n! on ri^"A and i^^"^^A. Since n\ grows 
faster than any exponential, this chain homotopy does not extend to r^anA. However, if we modify 
the definition of the homology 6anj we can carry over the argument in ||l^. Let n!6an be the 
convex homology on ^A generated by the sets Suij"^^^ n!(S')(dS')(dS')2" with S G S(A). Let C(A) 
be the completion of (fJA, n!6an)- Define c: 2+ — > C by C2„ := C2n+i := (— l)"n!. By definition, 
c{N) : riA -^ ilA is a bornological isomorphism (fJA, ©an) — (f^A, n!San) and therefore extends to 
a bornological isomorphism l^anA = C{A). 

The operators B and b extend to bounded operators C(A) — > C(A). In fact, a homogeneous 
operator is bounded with respect to the homology ©an iff it is bounded with respect to the 
homology n!6an- A linear map I: flA — > fiA is homogeneous of degree k iff 1{W^A) C ft^'^'^A 
for all n G N. Since c{N) is a bornological isomorphism, I is bounded with respect to n!©an iff 
c{N) o I o c{N)^^ is bounded with respect to ©an- Since I has degree k, we have 

c(N)oloc(N)-' = ^^^^-^-l onl7"A. 
c[n) 

Both c{n + k)/c{n) and c{n)/c{n + k) are of polynomial growth in n. Thus rescaling with these 
numbers is a bornological isomorphism with respect to ©an- Hence c{N) o / o c{N)~^ is bounded 
with respect to ©an iff I is bounded with respect to ©an- 

Consequently, B + b extends to a bounded linear map C(A) -^ C{A) and makes (C(A), B + b) 
a Z2-graded complex of complete bornological vector spaces. 

Proposition 3.46. The complexes X{TA) and {C{A),B + b) are chain homotopic. 

Proof. The proof follows Cuntz and Quillen ||T^ . We only have to verify that certain maps are 
bounded. This is straightforward if we write down explicit formulas for these maps. Some details 



are relegated to Appendix A. 5. 2 



Let 6: fianA -^ ^anA be the boundary that corresponds to B -\- b under the isomorphism 
c{N): na„A^C(A). Thatis,5 = c{N)-^o{B + b)oc{N). Using the definition c(2n) = c(2n+l) = 
(— l)"ri!, we easily compute that 

S = B-nb onr22"A, 5^-B/{n+l) + b on f^^'^+^A. (3.18) 

We have to show that the complexes (ilanA, S) and (fianA, d) are chain homotopic. 

The operator k satisfies a polynomial identity (k" — 1)(k"+^ — 1) = on fl^A for all n G N. 
Hence k^ satisfies such an identity, too. It follows that the restriction of k^ to fl^A has discrete 
spectrum. One of the eigenvalues is 1. This eigenvalue has multiplicity 2, that is, the corresponding 
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eigenspace is equal to the kernel of (k^ — 1)^. Let P be the projection onto the 1-eigenspace 
annihilating all other eigenspaces. Let H be the operator that is zero on the 1-eigenspace and 
the inverse of 1 — k^ on all other eigenspaces. Explicit formulas for P and H show that they are 
bounded with respect to 6an (see Appendix A.5.2|). Any operator commuting with k commutes 



with P and H. Thus P and H are chain maps with respect to d and S. 

The restriction of d to the 1-eigenspace of k^ is equal to S. If the eigenvalue 1 had no multiplicity, 



we could derive this immediately by replacing k^ with 1 in (3.16) and (3.17). Since k^ — 1 ^ on 



P(rJA), we have to be a bit more careful. See Appendix A.5.2| or the proof of O, Lemma 6.1] 



The proof will therefore be finished if we show that P is chain homotopic to the identity with 
respect to the boundaries d and S. Since id — P = iJ o (id — k^) and H is a. chain map, this follows 
if id — K^ is chain homotopic to 0. We write ~ for chain homotopy. Equation (A.23|) implies that 



[6,c{N)-'^dc{N)] ^c{N)-'^[b + B,d]c{N) = c{N)-\db + bd)c{N) ^ c{N)-\l ~ k)c{N) = 1-k 

because 1 — k is homogeneous of degree and therefore commutes with c{N). Thus k^ '^ idoid = id 
with respect to the boundary (5. We have (6— (H-K)(i)^ = —(l+K){bd+db) = — (1+k)(1— k) = k^ — 1 



by (A. 23). However, d o d = implies easily that [d, b — {1 + K)d] = (6 — (1 + K)d)'^. For example, 
if we evaluate [d, 5 - (1 + K)d] on 17°™"A, then we get 9i o (6 - (1 + K)d) + (6 - (1 + K)d) o So = 
(& — (1 + KJd)'^ + 9i o do. Thus k^ ^ id with respect to the boundary d. D 

By the way, since k ^ id with respect to 5, this holds with respect to the boundary d as well. 

Theorem 3.47. Let A be a locally convex algebra. Endow A with the bounded bornology. The 
analytic cyclic cohomology HA* (A) is naturally isomorphic to the entire cyclic cohomology HE* (A) . 



Proof. This follows from Proposition 3.46 . We only have to examine the dual complex C(A)' of 
bounded linear maps C(A) -^ C. By the universal property of completions, bounded linear maps 
C(A) ^ C correspond to bounded linear maps (riA,n!6an) ^ C. Since the sets IJ n! (5) ((iS')((i5)^" 
generate the bornology n\ ■ ©an, the bounded linear functionals on (fJA, n!6an) are those linear 
maps flA -^ C that remain bounded on all sets of the form [Jn\{S){dS){dS)'^^. Identifying 
nA ^ '£'^^0 ^"A and f7"A ^ A+ ® A®", we find that C(A)' can be identified with the space of 
families {(j>n)n£Z+ of n -I- 1-linear maps (/>„ : A+ x A" — > C satisfying the "entire growth condition" 

|0„((ao),ai,...,a„)| < const(S')/K2]! for aU (ao) G (5), ai,...,a„ eS* (3.19) 

for all S e 6(A). Here [n/2] :— k ii n — 2k or n — 2k + I and const(5) is a constant depending 
on S but not on n. The boundary on C(A)' is simply composition with B + b. 

Thus C(A)' is the complex used by Khalkhali pq] to define entire cyclic cohomology for non- 
unital (Banach) algebras. Connes's original definition M of entire cyclic cohomology is restricted 
to unital algebras and uses a slightly different complex. However, for unital algebras the complex 
used by Connes is homotopy equivalent to the complex used by Khalkhali. The proof is written 
down in |g^ for Banach algebras, but carries over to locally convex algebras without difficulty. D 

3.3 Excision in analytic cyclic cohomology 

Throughout this section, we consider an allowable extension 

^K^^E^^Q ^0 (3.20) 

S 

of complete bornological algebras with a bounded linear section s. 
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Theorem 3.48 (Excision Theorem). Let A be a further complete hornological algebra. There 
are natural six term exact sequences in both variables 

HA°(A; K) ^^-^ HA°(A; E) ^^ HA°(A; Q) 

HA^ (A; Q) ^^^ HA^ (A; E) ^-— HA^ (A; K) 

HA°(Q; A) -^^ HA°(E; A) ^^ HA°(K; A) 
a* a* 



(3.21) 



HA^(K; A) ^-^ HA^(E; A) ^-;- HA^(Q; A) 

The maps i*,p*, 9*,i*,p*, 9* are the (signed) composition products with [i] G HA (K;E), [p] £ 
HA (E; Q), and a certain d G HA (Q; K) naturally associated to the extension. 

Naturality means that homomorphisms in the A-variable and, more importantly, morphisms of 
extensions give rise to commutative diagrams of six term exact sequences. 

In the special case A = C, we get excision in analytic cyclic homology and cohomology. Spe- 
cializing further to locally convex algebras with the bounded homology, we get excision for the 



entire cyclic cohomology of locally convex algebras by Theorem 3.47. 

An analogous excision theorem for the bivariant periodic cyclic cohomology of algebras without 
additional structure is due to Cuntz and Quillen ||lj]. It was later extended by Cuntz to locally 
multiplicatively convex topological algebras [|0| . These proofs are based on the proof of excision 
in Hochschild and cyclic (co)homology by Wodzicki [^ for a special class of extensions where 
the kernel is "H-unital". Recently, Puschnigg has been able to prove excision for entire cyclic 
cohomology along these lines [Q. However, his proof works only for tensoring algebras. Thus it 
works for Banach algebras but not for fine algebras. 

3.3.1 Outline of the proof 

Define 

X{rE : TQ) := Kcr{X{Tp) : X{TE) -^ X{TQ)) . (3.22) 

Since X{Tp) o X{Ti) = 0, we can view X{Ti) as a chain map g: X{TK) -^ X{TE : TQ). If g is 
a homotopy equivalence of complexes, then we easily get the Excision Theorem by applying the 
long exact homology sequence to the extension of complexes X{TE : TQ) ^^ X{TE) -» X{TQ). 

The main new idea of the proof is to use the left ideal £ generated by K C TE. The proof of 
excision in periodic cyclic cohomology by Cuntz and Quillen [n4| works instead with the two-sided 
ideal 3 generated by K and powers of J. The ideal 3 is neither quasi-free nor H-unital, it only 
has these properties in a certain approximate sense. It turns out, however, that £ is much better 
behaved than 3. The two main steps in the proof of excision arc the following theorems: 

Theorem 3.49. The chain map ip: X{£,) —>■ X{TE : TQ) induced by the inclusion £ C TE is a 
homotopy equivalence X{£,) ^ X{TE : TQ). 

Theorem 3.50. The algebra £ is analytically quasi-free. 
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Using these two theorems, the proof of excision is finished as follows. The natural projection 
te : TE -^ E restricts to a projection f: £ ^ K with bounded linear section cteIk- The kernel N :— 



Kerf is contained in KerrE — JJE and therefore a-nilpotent by Lemma 3.11, By Theorem 3.50, 
N ^-» £ -» K is a universal a-nilpotent extension. Let j : TK ^ £ be the inclusion map, then 
(j|j-K,j,id) is a morphism of extensions from J'K >-» TK -» K to N ^^ £ -» K. Theorem ^.40 
implies that the induced chain map X{j) : X{TK) —> X{£,) is a homotopy e quiva lence. Combining 
this with the homotopy equivalence ip: X{£,) ^ X{TE : TQ) of Theor em 3.4£ , we get that g 
ip o X{j) : X{TK) — > X{TE : TQ) is a homotopy equivalence. Theorem 3.48 follows. 



Theorem 3.49 is proved by homological algebra. We write down an allowable resolution 



P.: 



Pi 



Po 



with 



D£. 



Po := (TE)+ ® £ + £+ £+ C (TE)+ (TE)+, Pi := (TE) 

We prove that Po and Pi are free £-bimodulcs, using some isomorphisms collected in Section |3.3.3 
These isomorphisms assert in particular that (TE)+ is a free left £-module. We show that the 
commutator quotient complex P./[,] is isomorphic to the direct sum Xp{TE : TQ) ® C[0] with 

^^(TE : TQ) := Ker(p, : X^(TE) ^ ^^(TQ)). 

In addition, the comparison theorem for projective resolutions implies that P./[, ] is chain homo- 
topic to X^(£) © C[0]. Indeed, it is elementary to prove P./[, ] = Xg(£ ) 9C [0] © C, with a certain 
contractible complex C^. Thus X;3(TE : TQ) ^ X/3(£) © C',. Theorem ^.49| follows easily. 

The existence of the resolution P, implies already that £ is quasi-free. To get the much stronger 
assertion of Theorem 3.50, we have to construct a splitting homomorphism u: £ — > T£. We write 
down explicitly a bounded bilinear map >: E x T£ — > T£ and view it as a bounded linear map 
>: E — > B{TZ) by adjoint associativity. A computation shows that > has a-nilpotent curvature. 
This is the hard part of the construction of v. Using the universal property of TE we can extend > 
to a bounded unital homomorphism >: (TE)+ -^ B{T£,). The splitting homomorphism v is then 
defined by v{x k) := i>(a;)(k) for x G (TE)+ and k G K. That is, the endomorphism \>{x) is 
evaluated at the point k G K C T£. The definition of > implies easily that u is a bounded splitting 
homomorphism for r ; T£ -^ £. 



3.3.2 Linear functoriality of r^an 

The linear section s: Q ^ E induces a bounded linear map sl ■ i^anQ ~* ^anE defined by 

SL((qo)dqi • . . dq„) := .s(qo)c?s(qi) . . . ds(q„). (3.23) 

Evidently, this well-defines a bounded linear map (rjQ, San) ~^ (^E, 6an)- The map s^ is its unique 
extension to the completions. If we identify OanE = X{TE) and fianQ — -'^(TQ) as in Section 3.2.6, 
then we get a bounded linear map s^: X{TQ) -^ X{TE) that is a section for X{Tp). That is, 
X{Tp) o Sl is the identity on X{TQ). Therefore, 



X{TE : TQ)>- 



.X(TE) 



X{Tp) 



X{TQ) 



(3.24) 



is an allowable extension of complexes. Let L, :— X{TA). If g is a homotopy equivalence, 
composition with [g] gives rise to an isomorphism H*{X {TE : TQ);L,) = if*(X(TK); L,) and 
similarly for the second variable. As in Appendix A. 2.1, we write H*{K,]L,) for the homology 
of the complex B{K,]L,) of bounded linear maps K, -^ L,. Hence Theorem |3.48| follows from 
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the Long Exact Homology Sequence A. 8 applied to the allowable extension ( |3.24 ). The class d € 
HA^(Q; K) is represented by [g]~^odo, whereto & H^{X{TQ);X{TE : TQ)) is the connecting map 



of the allowable extension ( |3.24| ) and [g]'^ G H°{X(TE : TQ);X{TK)) is the inverse of [g]. The 
naturality of d is evident. Thus the Excision Theorem |3.48| follows if gi is a homotopy equivalence. 
We will need a "right handed" version s^: JlanQ -^ ^anE of (p]23h defined by 



SR{dqi . . . dq„(q„+i)) :== ds(qi) . . . ds(q„)s(q„+i). 



(3.25) 



To prove that sji is well-defined and bounded we use a symmetry of rJanA for all complete bornolog- 
ical algebras A. The opposite algebra A°pp of A is defined as follows. As a vector space, A°pp = A, 
but the multiplication -opp is given by ai -opp 32 := 32 ■ ai. 

Proposition 3.51. Let A be a complete bornological algebra. The map 



i^((3o)(i3i . . . dan) ■= dan ■ .-dai ■ (3o) 

defines a natural isomorphism of bornological DG-algebras v. r2an(A°PP) — > (rJanA)°PP. 
striction to the even part yields a natural isomorphism v. T(A°pp) -^ (TA)°pp. 



The 



Proof Since the operator b' is bounded, we have v{{S){dS)°^) = {dS)"^ ■ (S) = 6'((d5)°°) G ©an 
for all 5' G S(A). Thus ly is bounded. Since ^ o jy = id, it is a bornological isomorphism. It is 
trivial to verify that v is multiplicative, when considered as a map r2an(A°PP) — + (rianA)°PP. D 

Since sr — voslo v^^, boundedness of sl implies boundedness of sr. 



The isomorphism T(A°pp) = (TA)°pp fits well into the formalism of Section gj. It is equiva- 
lent to the following statements: If N is a-nilpotent, so is N°pp; if Z: A ^ B is a lanilcur, it remains 
a lanilcur when considered as a map A"^'' -^ gopp However, the existence of the bounded linear 
map Si : X{TQ) -^ X{TE) apparently cannot be deduced from properties of a-nilpotent algebras 
or lanilcurs. 



3.3.3 Some isomorphisms 

Let £ C TE be the closed left ideal generated by cr(K) C TE, where a: E 

linear map. Thus £ is the image of (TE)+ ® K under the isomorphism /J3.1C 
in Proposition 3.33|. Consequently, the linear map 



^/P3: (rE)+(g)K — > £, x®k^ x(3(j{k), 



^ TE is the natural 

(rE)+ ® E ^ TE 

(3.26) 



is a bornological isomorphism. An easy calculation shows that {eo)dei . . . de2n G £ iff e2„ G K. 

Let dei . . . de2n{^2n+i) be a monomial in right handed standard form. Splitting each entry as 
ej = kj + s{qj) with kj G K and q^ G Q, we can write dei . . . de2n{^2n+i) as a sum of 2^"+-^ right 
polarized monomials, that is, monomials de'i . . . de'2n{^2n+i) with the additional property that either 
e'j G K or e^ G s(Q). If 5 G S(E), then there are small sets Sk G 6(K) and Sq G 6(Q) such that 
5 C ^ (S'k + s(5q)) . If ej G S for all j, then dei • ■ • de2n(e2„+i) is a convex combination of terms 
in (dS'E)'=™"(S'E) with 5e = S'kUs(S'e) C KUs(Q). We call small subsets of the form (dS'E)'=™"(S'E) 
right polarized. Hence the homology Sa™" defining TE is generated by right polarized small sets. 



Lemma 3.52. The following two linear maps are bornological isomorphisms: 



fT^: (rQ)+e(rE)+®K< 



(rQ)+ ^ (rE)+, 

{qi)®{x) (g)k(g)(92) 



SL{qi) + {x)Qa{k)QsL{q2), (3.27) 
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:g: (TQ)+ © (TQ)+ K ( 



(TE)+ ^ (TE)+, 

(91)® ('72)«)k® (a;) 



Sfl((Zi)+Si?(<72)0^(k)0(a;). (3.28) 



Proof. It suffices to prove that 



A* 3.2"; by exchanging left and right as in Proposition 3.51 



2^ is a bornological isomorphism. We obtain the other map 

^. We write down 



^3.27 = vo ll^2S o V 



exphcitly the inverse of /^3.26 and verify that it is bounded. We will need some detailed estimates 



about this inverse for the proof that £ is a-quasi-free. 

Let Lo = d&i . . . de2„(e2„+i) be a right polarized monomial. We write u = ^3.28(" 
rive a formula for the inverse /jlg jgl- If ^j ^ s<li £ •^(Q) fo'' all j, then w — /J 3.2s (dqi . 
In particular, this applies to i G (TE)+. Otherwise, some e^ is in K. Pick the first j with 
&j = kj G K. Hence e^ — s(qfe) G s(Q) for fc = 1, . . . , j — 1. If j is even, then 



■ ) and thus de- 

■rfq2n(q2ri+l})- 



dei . . . de2„(e2„+i) = dsqi . . . dsqj^2 (sq^-i • k^ - sq^^i k^) dsj+i . . . rfe2„(e2„+i) 

(dqi . . . dqj_2 ® (sqj-i • kj) de^+i . . . de2„(e2„+i) 

- dqi . . . dqj-2 c\j~i k^ de^+i . . . de2„(e2„+i)). (3.29) 



If j is odd and j ^ 2ri + 1, then 



dei . . . de2„(e2„+i) = dsqi . . . dsqj^i (k^ • e^+i - kj e^+i) dej+2 ■ ■ • de2„(e2„+i) 
= ^^^^{dqi ■ . . dqj-i {kj ■ e^+i) dej+2 ■ ■ ■ rfe2„(e2„+i) 
- dqi...dqj-i 



kj Cj+i dej+2 ■ ■ ■ (ie2n(e2n+i)). (3.30) 



Finally, if j = 2n + 1, then 



dei . . . de2„ k2„+i 



|(dqi...dq2 



\2n+l 



(3.31) 



Of course, we define /jlg 2g|(w) to be the pre-image of (jJ described above. Writing elements 



the inverse of /X3.28 as asserted 



small sets'. Hence IJ\^\^ extends to a bounded linear map /jlg 23 



of TE as linear combinations of right polarized monomials, we obtain a linear map ^j\^\^ 
(TQ)+©(TQ)"'"0K0(TE)+. By co nstru ct ion, t his map satisfies M|3.28|°/43.2d ~ ^^- ^^ ^^ easy 
that 



TE -^ 

lo verify 

13 281° /^ 3-28 ~ id. Equations ( 3.29 )-( 3.31 ) imply that /jlg jgl maps right polarized small sets to 

' rE^(rQ)+e(TQ)+0K0(TE)+. 



The equalities /J3.28 ° l^h/iA ~ id and /jlg 28|o /i3.2s — id carry over to the completions. Thus lJk\^ is 



For later application, we describe the image of a right polarized subset of (TE)+ under /ik jg 
more explicitly. Let S'k G 6(K), Sq G 6(Q), ^e := ^k U s{Sq). We write A C^ B to denote tfeS 
Ad B^ and get 

/|||((d5E)'=™^(^E)) C* (d^Q) — (^q) 

U (d5Q)°™"(5Q) (s(^q)) • 5k • (5e) 2(5e) (d5E)°™"(5E). (3.32) 

The constant factor 2 converts sums of two terms into convex combinations. It is important that 
in the very first tensor factor, we get nothing bigger than {dSq^^^'^ {Sq) . D 



Combining ( 3.27 ) and ( 3.26 ), we obtain the bornological isomorphism 

^: £+ (rQ)+ ^ (TE) + , (/) {q) ^ (0 SL{q). 



(3.33) 



Evidently, /j|^(Zi (^2) (93)) = ^1 fjpl^ijh) (93)), that is, f J^.s^ is a left £-module map with 
respect to the obvious left module structure. Thus (TE)+ is a free left £-module. 
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Restricting i Jp.2^ to (TQ)+ ® K £+, we get a bornological isomorphism 

A^El^: (TQ)+ ® K £+ ^ £, (g) (» k ® (?) ^-> s^X?) © cr(k) © (0- 



(3.34) 



To prove that ( 3.34) is a bornological isomorphism, tensor both sides of (|3.28|) on the right with K 
and simphfy using ( 3.26| ) and £+ = C ffi £. The map fjk.34 is defined so that ^h.34|((g) (X) k (g) ((/i) 
^2)) = /Js.a-;! ((9) ©k(8) (Zi)) 0^2- That is, /J 3.34 is an isomorphism of right £-modules. Consequently, 



£ is a free right £-module. 

Let 3 := Ker(Tp: TE -^ TQ). Since 3 = (TE)+/sfl;(TQ) + , restriction of ^Jh.2d gives rise to a 
bornological isomorphism 



IJ3.35-- (TQ)+0K®(rE)- 



J, 



(g) k (x) ^ SR{q) k {x). 



(3.35) 



This map is evidently a right TE-module homomorphism, that is, fJ ^.3^ {{q) k ((xi) X2)) = 
fjp^ijq) k0 (a;i)) 0X2. Symmetrically, ( |3.27D yields J ^ (TE)+ K0 (rQ)+. Using also ( ^.26| ), 



we get a bornological isomorphism 

«:£0(rQ)- 



Combining further with (3.3S), we get a bornological isomorphism 
mF^: £©£+ (^E)+ ^ J, 



3, li^ (q) ^lQsL{q). 

)inorphisin 

l(g){x) t^lG (x). 



(3.36) 
(3.37) 



3.3.4 A free resolution of 11+ 

This section contains the proof of Theorem ^.49| . Let 

XpiTE : TQ) := Ker(p, : X^(TE) ^ X^(TQ)). 
The isomorphism Xp{TE) = rJanE maps Xp{TE : TQ) to the complex 

{TE)+DK®3Ds{Q) ^3. 

Let A be a complete bornological algebra. (We will use the cases A = TE and A = £). The 
following is an allowable extension of A-bimodulcs: 



B^: n\A)^^Zr.A^ 



,A+ 



hi ho 

ai{{x){Dy){z)) = {{x) y) (z) - (x) (y (z)); ho{{x)) ^ 1 (x); 

ao[{x) (y)) = (x) • (2/); ;ii((x) (y)) = {D{x)){y). 



(3.38) 



Evidently, [a, /i] = id, h o h — 0, a o a = 0. Thus /i, is a natural contracting homotopy of the 
complex (B^,a,). The complex B^ is a projective resolution iff A is quasi- free. The commutator 
quotient complex B^/[, ] := B^/[B^, A] is isomorphic to the complex Xp{A) C 
Define a subcomplex P, C B^^ as follows: 



Po := {TE)+ £ + £+ £+ C (rE)^ 
Pi :== {TE)+D£cn\TE). 



(TE) 



+ . 



(3.39) 
(3.40) 

>£+ is 



Since £ is a left ideal in TE, we have ai(Pi) C Po and ao(Po) C £+. Thus Pi ^ P 
a subcomplex of B^^ -^ (TE)+. The subspaces Pq and Pi are £-sub-bimodules of B^^ and B^^, 
respectively. Moreover, ho{£''^) C Pq, /ii(Po) C Pi, so that h, is a contracting homotopy of 
Pi ^- Po — > £"*". Consequently, Pi ^- Po ^ £+ is an allowable resolution of £+ by £-bimodules. 
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Theorem 3.53. The £,-bimodules Pq and Pi are free. Thus P, is an allowable free 2-bimodule 
resolution of £"*" . The algebra £ is quasi- free. 

The inclusion P, C B, ^ induces a natural chain map <j),: P,/[, ] -^ B,^/[,] = Xp{TE) © C[0] 
that is an isomorphism onto XpiTE. : TQ) © C[0]. 

The natural map ip: X{£) -^ X{TE : TQ) is split injective and X{TE : TQ) = ip{X{£,)) © C, 
with a contractible complex C, given by Cq '■— [i2, sl(TQ)] and C[ := ££'sl(TQ). Thus ip is a 
homotopy equivalence X{2) ^ X(TE : TQ). 



Proof Equation ( |3.33| ) and (TE)+ ® £ n £+ ® £+ = £+ £ imply that 



^: (£+ (S, £+) © (£+ TQ £) ^ Pq, 

(^i) ® (^2) ® ik) «) 94 «> ^5 *-> (^i) ® (^2) + ((^3) Site)) ^5, (3.41) 



is a bornological isomorphism. Since £ is a free right £-bimodule by ( |3.34 ), it foUows that Pq is a 
free £-bimodule. We claim that 



Pi = n\TE) K + (TE)+ DK. 
It is evident that (TE)+ Z^K C Pi. Moreover, 

{xo){Dxi) k = (xo) D{xi k)- (xq) G xi Dk e Pi V{xq) e (TE)+, xi eTE, k e K 
Thus r2i(TE) K C Pi. Conversely, 

xo D{xi k) = a;o(i:'a;i) k + xq xi Dk e ^^^(TE) K + (TE)+ DK. 



(3.42) 



This imphcs Pi C n^{TE) K + (TE)+ DK by (|^ and finishes the proof of ( |3l^ ). 

The inverse y^r| of the isomorphism ^^^(TE) = (TE)+ E (TE)+ in (U) maps n^(TE) K 
onto (TE)+ E i)X{TE)+ QK)^ (TE)+ E £ and maps (TE)+ DK onto (TE)+ K 1. Thus 



((TE)+ K £+) © ((TE)+ Q £) ^ Pi, 

(xi) 0k0 (h) + (h) 0q0/4 



{xi){Dk){l2) + {h){Dsq)h (3.43) 



is a bornologi cal is omorphism. Since (TE)+ is a free left £- module by ( |3.33| ) and £ is a free right 
£-module by (3.34), Pi is a free £-bimodule. Thus P, is an allowable free £-bimodule resolution 
of £+ . £ is quasi- free because it satisfies condition ([^ of Definition A.l4 

The inclusion P, ^^ B, ^ is an £-bimodule homomorphism and therefore descends to a chain 

map (/),: P./[,] -^ B'^^/[B^^,£] -^ Bj^/l]. Using ( ^H| ) and ( |3.36D , we compute that (t>Q is an 
isomorphism Po/[, ] —-^ C © 3: 

Po/[, ] = £+ © (£ TQ) G^ C © (£ (TQ)+) = C © J c (TE)+. 
Equations (|3.43D and (|3.37|) imply that 01 is an isomorphism Pi/[,] ^ (TE)+ DK ®3Ds{Q): 



Pi/[,] ^ ((TE)+0K)©(£0£+ (TE)+0Q) = (TE)+0K©30Q = {TE)+ DK + J Ds{Q) c rj°f E. 

Thus (/>, is an isomorphism of chain complexes P,/[, ] -^^ X^(TE : TQ) © C[0] as asserted. 

The standard resolution Bf is a subcomplex of P.. Let /, : Bf ^ P, be the inclusion. The 
comparison theorem implies that /, is a homotopy equivalence. Let us make this more explicit. 
Let Co := £+ TQ £ and define 5 : Cq ^ Pq by 



giih) 8) 92 8) ^3) := (^i) sl((72) ^3 " (^i) SL{q2) ^3- 
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It is evident that fa ® g: £^ ® H^ © Co ^ Po is a bornological isomorphism and that uq o g — Q. 
Thus Pi — Kerao — ^^-C © Cq. Let Ci :— Co and let the boundary Ci -^ Cq be the identity 
map. Then C, is a contractible complex of £-bimodules and P, = Bf © C,. Taking commutators 
quotients, we obtain 

XpiTE : TQ) © C[0] ^ P./[,] ^ Bf/[,] © C./[,] ^ X/3(£) ©C[0] © C./[,]. 

The copies of C[0] match and can be left out. The map ^/3(£) -^ XpiTE : TQ) in this isomorphism 
is equal to ip. Thus tp is split injective. Let C^ be the image of C,/[,] in X/3(TE : TQ). We find 
that Cg is the range of the map £ (g) TQ -^ TE, ^©51-^ [I, SL{q)] G 3 and that C'^ is the range 
of the map £ (8) TQ -^ TE, Z (g) g 1-^ (DsLiq))l — lDsL{q) mod [, ]. Thus we get the complex C^ 
described in the theorem. Evidently, di : C'^ ^ Cq is a bornological isomorphism. Thus 9o vanishes 
on Cq, so that C^ is a subcomplex of X{TE : TQ) as well. Since ■;/' is compatible with i9o, we get a 
direct sum decomposition X(TE : TQ) = X(£) © C',. Since C^ is contractible, the chain map i/) is 
a homotopy equivalence. D 

Let r2(TE : TQ) be the relative Hochschild complex 

n(TE:TQ) — Ker(p. : {n{TE),b) ^ (fi(TQ),b)). 

Since all occurring objects are quasi-free, n{il) ~ Xi3{£,) and Q{TE : TQ) ~ X0{TE : TQ). 



Theorem 



3.53 



implies that the chain map j ', : (f2(£),b) ^^ (f2(TE : TQ),6) induced by the 
inclusion £ -^ TE is a homotopy equivalence. Thus we get an exact sequence 

HH°(TQ) ^ HH°(TE) ^ HH''(£) -^ HH'(TQ) -» HH^(TE) -* HH^(£). 

This is some kind of excision in Hochschild cohomology for the not quite exact sequence £ —f 
TE -^ TQ. For example, exactness at HH"(TE) means that a trace T: TE -^ C that vanishes 
on £ necessarily vanishes on J and thus comes from a trace on TQ = TE/3. Indeed, we have 
3 — £ © [£,sl(TQ)] and a trace on TE has to vanish on the second summand. 

3.3.5 Analytic quasi-freeness of £ 

We consider K as a linear subspace of the algebras E, TE, £, and T£, always using the linear maps 
(Te and ctte- Therefore, we have to distinguish carefully between the different products in these 
algebras. We write • for the product on the level of E, that is, in K, E, and Q; for the Fedosov 
product on the level of TE, that is, in £, TE, and TQ; and ® for the Fedosov product in T£. Let 
G := (TQ)+ (g) K. In this section we always consider G C £ using the map (q) (g) k 1— > sn{q) k. 



Notice that we take sr as in (3.34) 



In the following computations and definitions, DX is a shorthand for Dx2 . . . Dx2n with n > 1 
and (DX) is a shorthand for Dxi . . . Dx2n with n > 0. In case n = 0, {DX) is the formal unit 
of (T£)+, that is, xo{DX) — xq- Standing conventions are x,Xj G £, k, kj G K, q,qj G Q, g G G, 
e,ej G E for all j = 0, 1, ... . Thus (x) stands for an element of £+. By convention, D{x) =0 if 
(x) — 1. Notice the subtle difference between (DX) = 1 and D{x) — 0. 

Let ^: £ £+ -^ il^{£) be the bounded hnear map sending xi (2:2} >-^ xi D{x2). Thus 
i{xi 1) = for all xi G £. Recall that the restriction of H^^ to £ gives rise to a bornological 



isomorphism ^k 3J: £ ^ G (£) C £ © (£). We define a bounded linear map a: £ ^ rj-^(£) as 



the composition a := ^ o /jlg 3I Thus ajc = 0. We can also define a by 



«(g {x)) - g D{x) Vg G G, (x) G £+. 
Here D{x) = if (x) = 1 G £+. Observe that cr(K) C G, so that 

a(k {x)) = V.D{x) Vk G K, (x) G £+. (3.44) 
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Moreover, a(g (xq) xi) = gD{{xo) a;i) = a(g (xq)) xi + g (xq) Dxi implies that 

a{xo xi) = a{xo) xi + xq Dxi Vxo, xi e £,. (3.45) 

By adjoint associativity, bounded linear maps E —> B{T£,) are the same thing as bounded 
bilinear maps E x T£ -^ TZ. Thus we can define a bounded linear map > : E ^ B{TZ) as follows: 

e > xo {DX) := e a;o {DX) - Da{e xq) (-DX); (3.46) 

e>DxiDX ■.= a{eQxi)DX. (3.47) 

The linear map > : E ^ B{T£) sends e to the endomorphism X i-^ e!> X oi T£,. 

Lemma 3.54. t>: E ^ B{T£,) is a lanilcur. 

Before proving this, let us show how to construct a splitting homomorphism £ — > T£ out of t>. 

Lemma 3.55. Extend > to a bounded unital homomorphism >: (TE)+ — » B{T£). Define a 
bounded linear map v: £ —> T£ by v{y k) := y > k for y G (TE)+, k e K. Then v is actu- 
ally a homomorphism and t^ ° v — ids . 

Proof. Since > is a lanilcur, it can be extended to a bounded homomorphism [>: TE -^ B{TZ). 
Extend this further to a unital bounded homomorphism >: (TE)+ -^ B{T£). By ( |3.26|) there is a 
bornological isomorphism £ = (TE)+ K. Thus u is a well-defined bounded linear map. It remains 



to prove that v is multiplicative and that rou = id. It is clear from the definition ( 3.46 ) and ( 3.47 ) 



that J'£ C T£ is invariant under i>(E) and thus under i>(TE)+^The induced left TE-action on 



TZ/JZ = £ coincides with the usual left 0-multiplication by (|3.46D . Thus r(y > X) = y Q t{X) 
for aU y e (TE)+, X £ TZ. Consequently, t ov = id^. 

To show that u is a splitting homo morp hism , we prove first that i>(e) is a left multiplier for all 
e e E. The bornological isomorphism ( |3.1l[) applied to TZ implies that TZ = £0 (T£)+ as a right 
£-module. Thus in order to show that i>(e) is a left multiplier, it suffices to prove that e>{xQ@X) — 
(e t> Xq) ® X for all xq e Z, X e TZ. This follows if e > Dxo Dxi ~ et> {xq Q xi) - {e> xq) @ xi. 



Since D is a graded derivation, ( 3.45 ) implies 

Da{e Xq xi) = Da{e xq) Q xi - a(e xq) Dxi + D{e xq) Dxi. 
It follows that 

e > (a;o xi) — (e > xq) @ xi — D{e xq) Dxi - Da{e Q xq Q xi) + Da{e xq) ® xi 

— a(e Xq) Dxi = e > Dxq Dxi 



as desired. Thus i>(e) is a left multiplier. In particular, (3.44) implies 



k > (xo ® X) = (k > xo) ® X = (k xo - Dk Dxq) @X = k@{xo@X). 

Hence k > X = k ® X for all X e r£, k e K. 

Since >(e) is a left multiplier for all e e E, it follows that >{y) is a left multiplier for all y e (^E)+ 
because the left multipliers form a bornologically closed unital subalgebra of B{TZ). Therefore, 

v{yi ki 2/2 k2) = {yi ki ^2) >^2 = yi>^i>y2>^2 ^ yi> (ki ® (y2 > ^2)) 

= (2/1 > ki) ® (2/2 > k2) = u(yi ki) ® v{y2 k2) 

for all 2/1,2/2 G (^E) + , ki, k2 G K. Hence u is multiplicative. D 
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It remains to show that i> is a lanilcur. Extend a to a bounded Hnear map again called 
a: f7a„£ -^ f^an£ of degree 1 by a{xa {DX)) := a(a;o) {DX) for all xo e 2, and a{DX) := 0. A 
routine calculation yields 

wc>(ei, e2)(xo {DX)) = (eiea) xa {DX) - Da{{eie2) xo) {DX) (3.48) 

- 61 > (62 Xo {DX) - Da{e2 a;o) {DX)) 
= deide2 xq {DX) — Da{deide2 xq) {DX) 
+ a{ei a(62 xq)) {DX). 
uj^{ei,e2){Dxi DX) = a((eie2) xi) DX -ei> a{e2 xi) DX (3.49) 

= Q:((eie2) xi) DX - 6i a(62 xi) DX 
+ Da{ei a(e2 a;i)) DX. 

Call a subset 5 C A of a bornological algebra bornopotent iff S°° is small. To show that [> is a 
lanilcur, we have to check that uj^{S,S) is bornopotent for all S € 6(E). The following criterion 
allows us to avoid computing powers of Wo (61,62) explicitly. 

Lemma 3.56. Let \/ be a bornological vector space and S C S(V). Then 5°° is small iff for each 
T G 6(V), there is a small set T" G S(V) that contains T and is S -invariant. 

In other words, S is bornopotent iff the S -invariant small sets are cofinal in ©(V). 

Proof. If 5*°° is small, that is, equibounded, then 5'°°(r) U T G 6(V) by equiboundedness. This 
small set is 5'-invariant by definition. Conversely, if T' D T is 5-invariant, then S°°{T) C T' . 
Hence if T' is small, so is S°°{T). This means that S°° is equibounded. D 

Let S G ©(E). We are going to write down invariant sets for u}\>{S, S) that are of the form 

F := (Fo(i?i^oo)^™" U DFo{DF^)°''^)'" G &(TZ) 

with suitable Fq, ^oo G ©(-C)- RecaU that A c'^ B stands for A C B'^ . If we have 

USdSFo C* Fo, 

-6a[[S ■ S) Q Fa) C 

35" a{S Fq) c* Fo DF, 



3a((S-S)QFo) C^ FoDF^, 
MdSdSFQ)c<' FoDFao, ^ u; u 00, ^^^^^^ 



3a{S a{S Fq)) C^ Fq i?Foo DF^, 



then ^^^(5*, S") maps Fo(FiFoo)'=™" and DFo{DFoo)°'^'^ into F. Use ( lO^) and (|1|) and that F is 



a disk. Sums of three terms are converted into convex combinations in the obvious way. Therefore, 



( 3.50 ) implies that F is inv ariant under lu^{S,S). 

First we simplify (^^ . If a{2S Fq) C<> Fq DF^o, then 3a(S' aiS Fq)) C Fq DF^ DF^. 
Furthermore, if both d{2S)d{2S) Fq C^ Fq and a(Fo) C* FqDF^, then also 3a{dSdS Fq) C<> 
Fo F»Foo. Choose S-^^) g ©(E) containing 2S U 4S ■ S. Equation (|3^ ) follows if 

Let S^^'^ = 2S'(2) u 25(2) • S'(2). Choose small disks S'^^ G ©d(K), S'^ G ©d(Q) such that S^'^'^ 
is contained in the disked hull of S'^ := S'(^ U s{S'q) and such that uJs{S'q,Sq) C SJ!^. To avoid 
notational clutter, we sometimes write Sq for s{Sq) C E. Let 

S'^:={S'^)-S'^-{S'^)e&{K); 

Fo := (d5(2))<=-™ (5(2)) (d5^)<=™" {S'q) eSlle ©(£). 
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We claim that this Fq satisfies ( |3.51| ) for su itabl e Foo- The condition dS^'^US^'^^ Fq C Fo is fulfilled 
by construction. The second condition in ( |3.51[ ) follows if we show, for suitably big Foo, 

a(5(2) Fo) C^ (d^^)™™ (S'q) 5^' DF^ (3.52) 

Observe that 5^2) (dS'^^))'^™" (S^^)) is contained in the disked huU of (dS'('^))'=™" {S^'^^). This 
follows by bring ing a n expression eg dei . . . de2„{e2n+i) into right handed standard form. Hence 
we can replace ( ^.52| ) by 

a((d5^)'=™" (S'e) (d5^)°™" {S'q) 5;,') c^ idS'^r^'^iS'^) 5;^ i^Foo. (3.53) 

Now we have simplified ( 3.50|) sufhciently and prove (|3.53| ). Choose yi e ((i5^)''™" {S'^) and 



2/2 e (d5^)'=™"(5'^) 5^. We assume first that yi e J. 

By definition, a = ^ o /xL ^ J. The map IjL\^\ extends /dg y to a right TE-module homomorphism 
a ^ G (rE)+. Thus we hl^e 



Mr^(2/i ©1/2) 



bi)0y2 



if j/i G 3. Since /jlg 3J is equal to the restriction of /iU y to J, we can apply the estimate (3.32) to 
obtain 



/C^(yi y2) e* (d5^)'=™"(5^) ((^^) • Si, ■ {S^)) F^ = {dS'^'n^ {S'q) eS';<^F^ 



with F4, = 2(5'^) (d5'^)'=™"(5'^) (d5'^)'=™" (S"^) fi-l^' depending on S'^ and £';<'. Here a G^ S 
means that a G B^ . Composing with ^, we get the desired conclusion in the special case yi £ 3 
for any small set Fqo satisfying Foo D F^ . 

If not yi G 3, then yi G Sfl(TQ)''', because yi is a right polarized monomial. We claim that 

yi 2/2 e^ G + (d5^)°'i^d5(, (2d5^)-™(5^) 45;^ 

U {dS'QY'"'''dSi,dS'Q (2d5^)°™"(5^) 45;^ U (d^^)^™"^;, 45;,' (3.54) 

Before we prove this, we show how this completes the proof of (3.53|). Summands in G are an- 



nihilated by a and can be ignored. The remaining terms are of the form y[ 2/2 with y'l G 
Of n (dS'^)'=™"(S'^) and 2/2 e (2(i5^)<=™"(5'^) 45;^. Thus we are almost in the case yi G J consid- 
ered above, up to factors of 2 that occur only in y'2. However, these factors go into th e sec ond 
tensor factor and can be accommodated by making F^ bigger. Consequently, we obtain ( |3.50 ) for 
suitable Foo. To prove (3.54), write 



yi = dsqi . . . dsq2n{sq2n+l), y2 = dsq2n+2 • ■ • dsq2n+2m-l{sq2n+2m) k 

with sqj G S'q for all j and k G 5"^. Since dyidy2 G G, we have yi y2 G yi • y2 + G. Bringing 
yi • y2 into right handed standard form, we get a sum of monomials 

±dsqi . . . dsqj-id{sqj sqj+i)dsqj+2 ■ ■ • rfsq2n+2m-i(sq2n+2m) k, j = 2n + 1, . . . , 2n + 2m - 2, 

and a final term dsqi . . ■ dsq2n+2m.-2 ■ (sq2n-i-2m-i{sq2n-i-2m)) k. We can replace sq^sq^+i by 
~iVs{qj,qj+i) = —s{qjqj+i) + sqjsqj+i because the difference gives rise to terms in G. We have as- 
sumed that lOs{S'q, S'q) C si,. Hence we get a sum of terms in (d5^)J-idS'(((<i5^)2"+2"-i-J (fi-^) 
Sll for all j = 2n -f 1, . . . , 2n -h 2m - 2 and a final term in (d5'^)2"+2™-2 . gf^ q 5.// pinally, we 
convert this sum into a convex combination by decorating each summand with factors of 2. It is 



easy to check that (5.54) allows us sufficiently many factors because geometric series converge. 

Hence if we choose Foo suitably big, then F is invariant under a;^(S', S). Since we can choose 
the small sets S^^\ S^,, S'q, and Foo arbitrarily big, it follows that invariant sets of the form F 



are cofinal in S(T£). Thus uj^{S, S) is bornopotent for all S G S(E) by Lemma B.5(:. The map > 
is a lanilcur. The splitting homomorphism v in Lemma 3.55 can be defined. The algebra £ is 
analytically quasi-free. The proof of the Excision Theorem 3.48| is complete. 
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3.4 The Chern-Connes character in i^-homology 

The existence of a Chern character for suitable Fredholm modules was one of the main motivations 
for the introduction of cyclic cohomology g . In cyclic cohomology, we can only obtain a character 
for finitely summable Fredholm modules. Connes enlarged the periodic cyclic cohomology to entire 
cyclic cohomology in order to accommodate the characters of 0-summable Fredholm modules [M . 
However, the assumption of 0-summability is still a serious restriction. 

Khalkhah ||l proves that HE" (A) = HP''(A) = HH°(A) and HE^(A) = Hpi(A) = if A is 
an amenable Banach algebra. This applies, in particular, to nuclear C*-algebras because these 
are amenable Banach algebras [Q. Since there are no bounded traces on a stable C*-algebra, 
we have HE* (A) — for all stable nuclear C*-algebras. We get more reasonable results if we 
endow C*-algebras with the precompact homology Comp, that is, consider HA*((A, Comp)). We 
will construct a Chern-Connes character ch: KK*(A, C) -^ HA*(A, £omp). We write K*{A) := 
KK*(A,C) and call this theory K -homology, following Kasparov. Thus HA*(A, Comp) is large 
enough to accommodate the characters of arbitrary Fredholm modules. Alternatively, we can 
replace the precompact homology by the fine homology S^ine. The resulting theory HA*(A,5^ine) 
is considered already by Connes B . 

There is a natural index pairing _ftr*(A) x K*(A) —> Z for * = 0, 1. The Chern-Connes characters 
in X-homology and iiT-theory are compatible with the index pairing in the usual sense: 

(ch(a;),ch(y)) = (x,2;) \/x e K^iA), y e K*iA). (3.55) 

The character that we construct here agrees with the usual Chern-Connes character for finitely 
summable Fredholm modules. I expect that it agrees with the character defined for 0-summable 
Fredholm modules g. However, I have not checked this. 

Our construction of the Chern-Connes character is based on Connes's formulas for the character 
of a finitely summable Fredholm module. Consider a 1-summable even Fredholm module over an 
algebra A. Its character can be described by cyclic cocycles T2„ : rj^"A -^ C for any n E Z+. Since 
the cycles r2„ represent the same element of periodic cyclic cohomology, there are bounded linear 
functionals h2n+i ■ f2^"~'"^A — > C such that h2n+i o d = T2n+2 — T'2n- Thus we can write tq as a 
boundary: tq = X]^o ''^2n+i°9. Of course, X)^o^2n+i is unbounded because, in general, [tq] ^ 
in HP* (A). We apply a suitable cut-off to each ft.2n+i, replacing it by /i2n-i-i- Then f = tq — ft.* o 9 
should be the Chern-Connes character. We automatically have f o d = and only have to control 
the growth of f to check that it is a bounded linear functional. 

The appropriate cut-off is achieved as follows. Let (p„) be an increasing sequence of projections 
on 'K that commute with F and satisfy rankp„ — n and limp„ = 1 strongly. Let p^ = 1 — p„. Up 
to normalization constants, ft2n+i((ao)rfai . . . rfa2n+i) = tr(7F(ao)[-F, ai] . . . [F, a2n+i])- We put 

/i2n+i((ao)rfai .. .(ia2„+i) == ft,2n+i((p,iao)d(p;i:ai) . . . d{p:^ a2n+i)) 

= tr(7Fp,i(ao)p^[F, ai]p,i[F, a2]p^ . . . [F, a2„+i]). 

This does the trick. We compute that tq — J2 ^2n+i o 9 is a sum of traces of products where one 
of the factors is p„ and there are, in degree 2n, about 2n factors of the form p:^[F,aj]. Since 
the operators Pn have finite rank, we only have to take traces of finite rank operators. This is 
well-defined without any summability condition on the commutators [-F, a2n-i-i]- In addition, if 
S C /C(!H) is precompact, then p^S — > uniformly in the operator norm. If we fix a precompact 
set S C A, then [F, S] is a precompact subset of /C(J{). Thus the operator norm of a product 

||p,i[F, ai]p^[F, 32] • • -p^^iF, a2„]||oo, ai, . . . , a2„ e S, 
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can be estimated by Cge^" for all e > 0, with constants Cg depending only on e and S. This 
produces the exponential decay needed for analytic cocycles. 

Actually, it is not necessary that JC is a Hilbert space. In the actual construction, we replace !K 
by a separable Banach space that has Grothendieck's metric approximation property. Also, the 
operators Pn need not be projections. The precise requirements are listed below. 

Unfortunately, these elementary techniques only work for if-homology, not for the bivariant 
case. In the case of ii'-homology, we have to construct bounded linear functionals with values 
in C. In the bivariant situation, the range should be the complicated complex X{TB). I expect 
that there is no bivariant Chern character from KK, (A, B) to HA* (A; B). I have some hope that 
analytic cyclic cohomology HA* (A, Comp) is well-behaved on the category of C*-algebras, that is, 
invariant under continuous homotopies and stable with respect to the spatial tensor product with 
the compact operators /C(J{). However, I have not been able to prove these assertions. 

There is a bivariant Chern character in Puschnigg's local analytic cyclic cohomology pJ . This 
follows from the following crucial property of the local theory: If A C B is a dense "smooth" 
(see H) subalgcbra of a nuclear C*-algebra B, then the inclusion A — > B is an invertible element 
in the local theory H*{A; B). Since C°°([0, 1]; B) C C([0, 1]; B) is a dense smooth subalgebra, the 
local theory does not distinguish between C°°([0, 1]; B) and C([0, 1]; B). Thus smooth homotopy 
invariance implies continuous homotopy invariance. Since £^{!H) ®7r B C IC{^) ®spatiai B is a 
dense smooth subalgebra, stability for projective tensor products with £^{'H) implies C*-stability. 
Excision carries over to the local theory. Thus the local theory, when restricted to C* -algebras, 
has all the desirable homological properties. 

3.4.1 The finitely summable case 

The construction of the character for Fredholm modules without summability condition depends on 
detailed formulas for the Chern-Connes character in the finitely summable case. As a preparation, 
we therefore repeat Connes's construction of the Chern-Connes character in the finitely summable 
case pi, pi. The main difference is that we use different normalization constants. Furthermore, 
we work in a slightly more general situation, considering representations on (almost) arbitrary 
complete bornological vector spaces, not just on Hilbert space. This creates no additional difficulty. 

Let V be a complete bornological vector space. Let J^(V) := V ® V be the algebra of bounded 
finite rank operators on V. An elementary tensor v (3 v' = |v}(v'| corresponds to the rank one 
endomorphism V 3 V2 t-^ v • v'(v2) G V of V. Clearly, the resulting homomorphism J-"(V) -^ B{\/) 
is a bijection onto the ideal of finite rank operators. Thus J^(V) is a bimodule over S(V) with 
T ■ |v)(v'| = |Tv)(v'| and |v)(v'|r = |v)(T'v'|, where T': V ^ V denotes the transpose of T. The 
trace tr defined by tr |v)(v'| := v'(v) is a i3(V)-bimodule trace in the sense that tr(Ta;) = tr(xr) for 
all X e ■?^(V), T G 'B(V). It suffices to verify this relation on elementary tensors x ~ |v)(v'|, where 
it is equivalent to the definition (v',Tv) = (T'v', v) of the transpose. 

We now complete J-"(V) to the complete bornological algebra £^(V) :— V ® V of "nuclear 
endomorphisms" of V. The bimodule structure i3(V) x J^(V) x S(V) -^ ^(V) extends uniquely 
to a bounded trihnear map ;B(V) x £i(V) x S(V) -^ ^^(V) making £i(V) a ;B(V)-bimodule. The 
trace tr: J-'(V) -^ C extends uniquely to a bounded linear functional tr: £^(V) -^ C that is a 
S(V)-bimodule trace on ^^(V) in the sense that 

tr(Tx) = tr(a;T) Va; G £^(V), T £ S(V). (3.56) 

The inclusion J-"(V) C B{\/) extends to a bounded homomorphism tj: ^^(V) — ^ 'B(V). In general [\ 
need not be injective. However, \\ is injective if V is a Banach space having Grothendieck's approx- 
imation property. Hence for our later applications we can safely assume that \] is injective. We 
make this assumption and consider ^^(V) C B(V) because it simplifies the definitions. 
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We can now define l-sunimablc Frcdholni modules. In the odd case, we need an operator 
F eBiV) satisfying i^^ ^ id. Let 

B°dd :- BO,d(V,F) := {T G ^(V) | [F,T] e i\y)}. 

We write 6°^^ if (V, F) is clear from the context. Since taking commutators is a derivation, B"^^ 
is a subalgebra of B{\/). We endow B"^^ with the coarsest homology for which the inclusion 
Bodd -^ ^(V) and the derivation B^^^ -^ t{\/) sending T ^ [F,T\ are bounded. 

This homology makes 6°^^^ a complete bornological algebra. The easiest way to see this is to 
decompose V into eigenspaces for F. Let V± be the range of the idempotent ^(1 ± F). Then V = 
V+ ©V_. Write an endomorphism T G Biy) as a 2 x 2-matrix with respect to this decomposition. 
Then T G B^^jj iff the off-diagonal terms are nuclear operators, that is, elements of (,^ (V+ , V_ ) and 
£i(V_,V+), respectively. It follows that BjJ^^ ^ B(V+) ® S(V_) ^i(V+, V_) © ^i(V_, V+) as a 
bornological vector space. This is evidently complete. 

Let A be a complete bornological algebra. A l-summable odd {\/ , F)-Fredholm module over A 
is, by definition, a bounded homomorphism (p: k ^ B[J^^(V, F). 

In the even case, we add an operator 7 € B{\/) satisfying F7 + ^F = and 7^ = id. Let 

BL„ :- BLn(V,F,7) := {T e Z?(V) | [F,T] e i\y), [j,T] = 0}. 

We write Bj^^j,„ if (V, F, 7) is clear from the context. It is easy to see that B°^j,„ is a closed subalgebra 
of B[Jjjj. We endow it with the subspace homology. This is the coarsest homology making the 
inclusion to B{\/) and the derivation T 1-^ [F, T] to £^(V) bounded. 

Let A be a complete bornological algebra. A l-summable even (V, F, j)-Fredholm module over A 
is, by definition, a bounded homomorphism cj): A ^ B'^^^^{\/ , F, ^) . 

We now construct the Chern-Character for even and odd Fredholm modules. We begin with 
some observations that are relevant for both cases. Let 6: BjJ^^ -^ ^^(V) be the derivation S{T) :— 
^[F,T]. The normalization constant i/2 insures that certain normalization constants later will be 
just 1 instead of (—4)". The derivation S induces a bounded homomorphism tp: f^B°^^ -^ B^^^, 

ip{{xo)dxi . . . dxn) := (a;o) ■ Sxi- ■■ (5x„. 

The restriction of tp to X]^i ^"'Bodd i'' ^ bounded linear map tp: il-^B^^^ ^ ^^(V). 

A computation using F^ = 1 shows that F anti-commutcs with S{x) for all x G B[J^^. Hence 

Fi}j{{xo)dxi . . . dxn) - {-lYip{{xo)dxi . . . dxn)F = {F{xo) - {xo)F)Sxi . . . Sxn 

= I • d{xo)5xi . . . Sxn = ji>{d{xo)dxi . . . dxn) 

for all xq, . . . ,Xn G BjJ^^^ . More succinctly, 

Fi^iiu) - (-iri,{Lu)F - ^^(duj) Vlu G f7"B0dd- (3.57) 

We now restrict attention to the even case. For n G Z+, wc define T2„ : fl^^B'^^^^ ^ C by 

T2n{^) ■= C2ni'c{iF-ftp{duj)) (3.58) 

for all oj G ri^"B|?^j,„ with certain normalization constants 

2n(2n--2)(2n-4)---2 

C2n :^ 



(2n- l)(2n-3)(2n-5)---l' 
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Thus Co = 1 and C2„+2 = (2n + 2)/{2n + l)c2n for all n G 2+. For ?i > 1, we can use ( p. 57 ) 



and (3.56) to rewrite the definition of r2„ as 



T2nH - -^tr(F7(i^V(^) - V'(^)^)) = ^tr(2FV(t^)) = C2„ tr(7^(c^)). (3.59) 



Equation (3.56D applies because ^{uj) £ ^^(V). Up to normalization constants this is Connes's 



formula for the character of a 2n-summable even Fredholm module [M p. 293]. 

Lemma 3.57. The functionals T2„ are closed graded traces for all n G Z_|_. That is, r2„ o d = 
and T2n vanishes on graded commutators. The latter condition implies (in fact, is equivalent to) 
T2n o K = T2n and T2n o 6 = for all n G Z4. . 

Proof. By definition, T2„ o d — Q. Since 7 anti-commutes with F and commutes with B|?.^,(,jj, we 



have jtp{uj) = {~l)'^'^^'^ip{uj)^ for all homogeneous u G J7B°^(,jj. In addition, (3.57) implies that 
Fip{dui) + {—l)'^'^^'^'il;{duj)F = i^{dduj) = 0. Consequently, Fj commutes with ipidoj) for all 



w G r2B;?^„j. Let uj G f^'=B[;^„,, uj' G r22"-feBO^^„, then (3.56) implies 



T2n{[l^,Uj']) = C2ntr(iF7'0(d(aJw' - (-1)'"^'^))) 

= ic2„tr(F77/'(dw)V'(w') + (-l)''F77/;(w)V'(dw') - {-if F-iij{duj')%P{uj) - F-fTP{Lo')i:{duj)) 

= zc2„tr([i^7,^(dcu)] • i;{iu') - (-1)'^[F7, V(d^')] ' ^(w)) = 0. 

Thus T2n is a closed graded trace. Since b{oj) and (1 — k){uj) are graded commutators by definition, 
it follows that T2n+i o 6 = and T2n+i o k = T2n+i- n 

The cyclic cocycles T2„ should define the same element of periodic cyclic cohomology. In fact, we 
can write down explicit linear functionals /i2n+i '■ ^"^^^^^^^vcn ~* ^ such that h2n+i°d = T2„ — r2n+2 
for all n G Z-i_. Here d denotes the boundary in the X-complex. Since /i2n+i lives on the odd part 



only, the relevant part of d is given by ( 3.17 ) . Define 

/i2n+i(w) = 2n + 1 ^^'(^-^'">'^'(^)) 
foraUtJGfi2«+iB0^^^. 

Lemma 3.58. We have /i2n+i ° n — ft-2n+i and /i2n+i ° d = T2n — T2n+2 for all n G Z+. 
Proo/. If a; G B°^(,„ and uj G rJB°^j,j^, then 

tr(F7i/'(da; • w)) = tr(F7(5a; • ipiuj)) ^ tr((5x • F7i/'(w)) = tr(F7?/;(cj)(5a;) = tr(F7?/'(cjdx)) 
because P7 and fe commute. This implies /i2ri+i o k = /i2n+i- The boundary 9 from even to odd 



degrees is given by ( 3.17 ). Since /i2n+i o k = /i2n+i, the desired equation /i2n+i o 9 = T2„ — T2„+2 
is equivalent to (2n + l)/i2n+i ° d = T2„ and (n + l)/i2n+i 06 = T2„+2- The first equality is the 
definition of r2„. For the second equation, let uj G ri^"+^Bpy(,,j, a; G Bp^^^jj and compute 

tr(i_F7 • t/j o b{ujdx)^ — tr(z_F7^(— [cj, x])) = tr(i_F7a;'0(a;) — iF'-f^{uj)xj 

= tT{iFxjip{Lu) - -fil){Lj)xiF) = tT:{-fip{Lo)[iF,x]) = 2 tr(7V'(t^)fe) = 2tT:{-fij}{Ljdx)). 

Decorated with appropriate normalization constants, this means (n + l)ft.2n+i °b — T2„+2- CH 
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Consequently, we have [t2„] — [tq] in HP''(Bg^gjj) for all n € Z+. To check the normalization 
constant cq, we compute the functional Kq{B'^^^^) -^ C induced by [r2„] = [tq]. Actually, it suffices 
to compute (To,ch(p)) for a single rank one idempotent p G ^even with jp — pj — P- We obtain 
the desired result 

ro(ch(p)) = To{p) = Co tY{iFj[iF/2,p]) = i tr(7(p - FpF)) = tr(p) - 1. 

Let us now turn to the odd case. Recall that we left a normalization constant ci in the Chcrn- 
Connes character Ki -^ HAi. In order to get the right index pairing, we have to compensate this 
constant in if -homology. Let ci = c^^. For n € Z_|_, define T2n+i '. ^^"^^6"^^^ — > C by 

T2„+i(w) := £i ir{F^{dio)) = ci^tr{F{F^{uj) + ^{oj)F)) = ici tr(i/>(tj)) (3.60) 



for all ijj € f7^"+^BQjjjj. The reformulations in ( |3.60| ) use ( |3.56 ) and ( |3.57 ). Up to normalization 



constants, this is Connes's formula for the character of an odd Frcdholm module Iq, p. 293]. 

Lemma 3.59. The Junctionals T2n+i are closed graded traces for all n G Z^ . That is, T2n+i°d = 
and T2n+i vanishes on graded commutators. The latter condition implies (in fact, is equivalent to) 
T2n+i ° K = T2n+i and T2n+i o 6 = for all n G Z+. 



Proof. Equation (|3.60) shows that T2n+i o d = 0. Equation (p.SC) implies that T2n+i{'^ ■ w') 



T2n-i-i(w' • w) for all u) € ^'^B^^^, lj' E fi^"+^ '^Bj^^j. Since either k or 2n+l — k is even, the graded 
commutator of u> and u>' is culo' — lu'lu. Hence T2n+i vanishes on all graded commutators. D 

The cyclic cocycles T2n+i should define the same element of periodic cyclic cohomology. In fact, 
we can write down explicit linear functionals /i2n : ^^"^odd ~* ^ such that /i2n o d — T2n-i — '''2n+i 
for all n € N. He re d denotes the boundary in the X-complex. Since /i2„ lives on the even part, d 
is given by ( ^.16 ) and can be replaced by 5 — (1 + K)d. Define 



h2n{oj) = -^Citr{FiJj{uj)). 

This is well-defined for all n > 1, but not for n = 0. 

Lemma 3.60. We have h2n ° k — /i2n and h2n ° d = T2„_i — T2n+i for all n G N. 

Proof. If x G Bodd and lo G r^B^^^j, then 

iv{Fi){dx ■ Lo)) = iv{F5x'ip{ijj)) = - tv{5xFil^{uj)) = -tv{Fil^{uj)5x) = ~tv{Fip{Lodx)) 

because F and 5x anti-commute. This implies /i2n ok — /i2n- By definition, /i2„ o d = — ^r2„_i. 
Therefore, /i2n o (1 + K)d — 2h2nd — ^T2n-i- Moreover, 

ft,2n ° b{u!dx) — /l2n(w ■ X — X ■ Uj) — ~ 5^1 tY(Flp{Lu)x — Fxip{uj)') 

= —iciti:{—'4){Ld)xiF/2 + %lj{Lo){iF/2)xj — — ici tr(^(a))(5a;) ~ —iciiryiplLodxyj. 

Thus h2n ob = -T2n+i and consequently /i2„ o 9 = /i2n o (6 - (1 + K)d) = T2n-i - T2„+i. D 

It follows that [r2n+i] = [n] in HP'^(B"j|j) for all n G Z+. To check our normalization constants, 
we restrict attention to the case where V is a separable Hilbert space, F = F*, and the projections 
^{IzLF) have infinite dimensional ranges V±. Thus V-|_ and V_ are isomorphic. We write elements 
of B{\/) as 2 X 2-matrices over V+. Let S: V+ -^ V-|_ be the unilateral shift, S* its adjoint and 
p := id — 5*5*. Thus p is a rank one projection. Let 

S* 

p s 
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This is the bilateral shift and hence unitary. The compression of u to V+ is S* and therefore has 
index 1. An easy computation shows that 

Hence we get the desired result 

(ri,ch(u)) = Ti{ciu~'^du) = iciCiti{u^'^[iF/2,u]) = -tr(-2p/2) ^ 1. 

3.4.2 The metric approximation property and cut-off sequences 

Let V be a Banach space and let F and possibly 7 be as above. The algebra ^^(V) := V (g) V is a 
Banach space with the projective tensor product norm ||lj||i. Let /C(V) be the ideal of compact 
endomorphisms of V. This is a closed subalgebra of B{\/) with respect to the operator norm ||Lj||tx3 
on S(V). We assume that there is a sequence (p„) in £^(V) with the following properties: 

1. the trace norms ||pn||i in ^^(V) are of at most exponential growth; 

2. the operator norms ||pn||oo in A^(V) are uniformly bounded; 

3. the set of v G V with limp„(v) = v is dense in V; 

4. pn commutes with F (and 7 in the even case) for all n G N. 

We call {pn) a cut-off sequence. If there is a sequence (p„) in ^^(V) that satisfies 2 and 3, then there 
is a cut-off sequence. The first condition can be achieved by repeating each p„ sufhciently often 
to insure that the norms ||pn||i grow slowly. The fourth condition can be achieved by averaging. 
Replace p„ by k{Pn + FpnF) to make it commute with F. If necessary replace the result by 
^{pn + IPnl) to make p„ commute with 7. 

An equibounded net of operators that converges pointwise on a dense subset automatically 
converges pointwise on all of V, and the convergence is uniform on precompact subsets of V. This 
follows because each precompact subset of V is contained in the disked hull of a sequence (a;„) in V, 
where we can achieve that all Xn are contained in a given dense subspace of V. Hence condition 3 
can be replaced by the equivalent requirement that p„ — > id uniformly on compact subsets of V. 
Moreover, we can replace the (p„) by nearby operators of finite rank. That is, if there is a cut-off 
sequence (pn), then there is another cut-off sequence with p^ G TiV) for all n G N. 

Consequently, a cut-off sequence exists iff V is separable and has Grothendieck's metric ap- 
proximation property flS]. Hence J-{V) is dense in /C(V) and the natural map ^^(V) -^ 'B(V) is 
injective. 

Let p^ = 1 — Pn. For a subset 5 of a Banach space W, let ||5|| = sup{||a;||w | x G S}. 

Lemma 3.61. Let (p„) be a cut- ojf sequence. If S CZ ^""^(V) is precompact, then \\PnS\\i — > for 

n -^ 00. If S (Z /C(V) is precompact, then \\p:j^S\\oc -^ for n -^ cx3. 

Proof. Let S C ^^(V) = V 0^ V be precompact. Then there are compact disks Si C V, S'2 C V 



C3 



such that S <Z {Sii^ S'2)'' by Grothendieck's Theorem |AJ. We have p:j^ o S C (p^(S'i) (g) S'2) 
Since p^ converges to uniformly on compact subsets, it follows that ||p^(Si)||v -^ for n -^ cx). 
Consequently, ||p;^S||i ^ as asserted. 

Let S C /C(V) be precompact. Let By C V and Bfc C /C(V) be the unit balls. We claim that 
S{B\/) C V is precompact. Given any e > 0, we have S C F+eB]c for a suitable finite set F C /C(V). 
By definition, a compact operator maps By to a precompact set. Thus F{By) C F' -\- eBy for a 
suitable finite set F' C V. Furthermore, eBjc maps By into eBy. Consequently, S{By) C F'-\-2eBy. 
Since this holds for all e > 0, S{By) is precompact. 

The sequence of operators {Pn) converges to uniformly on the precompact subset S{By). 
Hence \\p:^ o S(Bv)||v ^ for n ^ 00. Thus ||p^ o S||oo ^ for n ^ cx). D 
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3.4.3 Construction of the Chern-Connes character 

After these preparations, we can define the Chern-Connes character for Fredholm modules without 
summability restrictions. Let V be a separable Banach space with Grothcndicck's metric approxi- 
mation property. Given F S B{\/) with F^ = id, we define 

Bodd :- Bodd(V,F) :- {T e S(V) | [F,T] G /C(V)}. 

It is easy to see that Bodd is a closed subalgebra of B(V) and thus a Banach algebra. We endow Bodd 
with the precompact homology. Given -F, 7 G B{\/) with _F^ = 7^ = id, F'j + jF = 0, we define 

Bevcn := Bevcn(V,i^,7) := {T G S(V) I [F,T] G /C(V), [7,T] = 0}. 

This is a closed subalgebra of B{\/). We endow Bovcn with the precompact homology. 

By definition, an odd (V, F) -module over a complete bornological algebra A is a bounded homo- 
morphism </) : A — s- Bodd(V, F). An even (V, F, j) -module over a complete bornological algebra A is 
a bounded homomorphism (p: A^ Bcvcn(V, -F, 7). 

To construct the Chern-Connes character ch{<j>) G HA* (A) of an even (V, F, 7)-Fredholm module 
0: A — > Boven, we need an even cocycle fcvcn: -'^(^Bovon) -^ C. Given fcvon, we can define 

Ch((/)) := (/)*([fcvon]) = [Tcvoii] ° [</>] = [Tcvoii ° X{T4))]. 

This is automatically a natural transformation from even (V, F, 7)-modulcs to HA (A). Further- 
more, any natural transformation must be of this form with [tcvoii] = ch(idB^,^^,„). 

Lemma 3.62. The algebra Bj]^^(V, F, 7) is dense in Bodd(V, F, 7). The algebra B°y(,„(V, F, 7) is 
dense in Bovon(V, F, 7). 

Proof. We only consider the odd case. The even case is similar. Let V±i be the range of the 
idempotent ^(1 ± F). Then V = Vi ® V_i. Write x G B{\/) as a 2 x 2-matrix x = (^ ^) with 
respect to this decomposition. Computing commutators with F shows that x G Bodd iff the off- 
diagonal terms b and c are compact, and x G Bj^^^ iff b and c arc nuclear. Since V has Grothcndicck's 
approximation property, l^iy) is dense in ICiy). Thus B^^^^ is dense in Bodd- CH 

Hence i7B°.^,(,jj is dense in f^anBcvon. A bounded cocycle fcvon: X(TBcvon) ^ C is therefore 
equivalent to a linear map ilBoyj,,j -^ C that is bounded on {S){dS)°° for all S G ©(Bovcn) satisfying 
S C Bovcn- Therefore, it suffices to work in the algebra B^^cn- 

The odd case is quite similar: A natural transformation from odd (V, F)-modules over A to 
HA^(A) is equivalent to an odd cocycle fodd : Ar(TBodd) -^ C. It suffices to construct the restriction 
of fodd to OBj^i^j and verify that it is bounded in the appropriate sense. 

In the even case, define 

h2n-l{{xo)dxi . ..dx2n-l) ■= h2n-l{{PnXo)d{PnXi) .. . d{p-^X2n-l)) 

for all xq,. . . ,a:;2n-i £ ^^^cm n <E fi. Here and in the following, {p^xo) denotes 1 G (Bqjj^)+ if 
(xq) == 1. Let hodd := Z]r=i ^2n-i : f^B°^^ ^ C and 

feven '■= Tq — /lodd ° 9. 

In the odd case, define 

h2n{{xo)dxi .. .dx2n) -^ h2n{{Pn Xo)d{p^ Xi) . ..d{p:^X2„)) 

for allxo,..., X2n e B°j^, n G N. Let /icvcn := Y.n=i ^2n : f^B°^^ -^ C and 

fodd := Ti — ft-cvcn ° 9. 

By construction, fcvon od — TQod — and fodd o d — ti o d — 0. 
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Proposition 3.63. The Junctionals haven'- ^^^^cn ^ '^ '^'^'^ ^odd^ ^B^^^^ — )■ C extend uniquely 
to bounded linear junctionals on nan(Bcv(,,-|) and fJanlBQ^^j), respectively. Thus [tcvoii] — ['Ha] in 
HA0(B0^,J and [fodd] - [n] zn HAi(BO^d). 

T/ie junctionals fcvcn : ^B^^p^ — > C and fodd : ^Bj^^^j ^ C extend uniquely to hounded linear 
junctionals fcvon : f^an(Bcvcn) "> C and fodd: Oan(Bodd) ^ C, respectively. 

These extensions dejine elements [fcven] S HA (Beven) and [fodd] G HA (Bodd), respectively, 
that do not depend on the choice oj the cut- ojf sequence (pn)- 

Prooj. We will give the details of the proof in the odd case. The even case is similar but slightly 
more complicated because the relevant part of the boundary d involves X]j=o '^^■'^- Since we no 
longer have /i2n+i ok — /i2n+i, this gives rise to complicated expressions. 

Let S e 6(B°j^). Thus T := Ji[F, S] C ^^(V) is precompact. Since S and {p„} are equi- 
bounded, there is a constant C e [l,oo[ such that C > II^HooIIPiI^IIoo for all n £ N. Lemma p.61 
implies that ei^„ := |b;l;T||i — > for n -^ c«. Since F commutes with p:^, we have S{p:j^x) 
pi^Sx e p^T for aU x^S. Thus 



\h2n{{xo)dxi . . . dx2n)\ = | ir{{pixo){Pn5xi) . . . {p^5x2n)\ 

< \\{p^xo){piSx^) . . . {piSx2n)\\i < C ■ ejl 

if a::o, ■ • ■ J X2n & S. Since ei,„ < 1 for sufficiently large n, the set of numbers C ■ e\"-^ is bounded. 
Thus Eleven IS boundcd on the set {S){dS)°^"^. By the universal property of the completion, /icvcn 
extends uniquely to a bounded operator rian(BQ(jj) -^ C. 
The same argument works for hodd instead of /lovon. 



To estimate the growth of fodd, we want to use the equation /icvcno9 — ti proved in Lemma 3.60. 
Define a linear map /: riB°^^ -^ ^B^^^ by 

l{{xo)dxi . . . dxk) := {PnXo)d{p^^xi) . . . d{p^Xk), 

for k = 2n and k = 2n + I (in the even case, it is better to take p:^ for k = 2n and fc = 2n — 1). 
By convention, po := 0. Since h2n = /i2n ° I, we get 

fodd = n - /iovcn O a = Ti - haven odol + hcvcn O [d, I] ^ Ti - Ti O I + haven O [6 - (1 + K)d, I]. 

Evidently, nolod — lonod and hence 

fodd = n - Ti O Z + haven O [6, I] - 2/lovcn O M, I]- (3.61) 

In the even case, we find similarly that fcvcn = havan ° [d, 1]+to — tqoI with d = B — X]?=o ^^''^ 
on ri^"B°ypjj. Since I does not commute with k, this gives rise to complicated sums. These can 
be handled. It is, however, more convenient to replace d by the boundary 5 given hy 5 = B — nh 
on ri^"B°yj,„ and 5 = —Bj^n + 1) + & on Sl^"+^B2y(,,j. The boundaries d and 8 give rise to chain 
homotopic complexes. Hence it is admissible to replace d by 8. 

The summands t\ — t\oI ox tq — tq ol are harmless. In fact, ri — ri o / is zero because we 
declared po = 0. In the even case tq — tq o Hs not zero unless p\ = 0. Even if pi ^ 0, it is easy to 



prove that tq —tqoI is bounded. Hence we concentrate on the other two summands in ( 3.61 ). Let 
S G 6 (Bodd) and S C B^^^. It suffices to verify that \\ip o [d, /]||i and ||i/' o [^, ^]||i remain bounded 
on {S)idS)°° because |tr(X)| < ||X||i. 

The set T := ^d^, S] C /C(V) is precompact. Let 

eoo,« := sup ||p;i,T||oo. 
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The sequence (eoo,n) is decreasing by definition and converges towards for n — *■ oo by Lemma B.61. 
Fix n S N. We compute ip o [d, I] on {S) (dS)'^^'^^ . Since / maps closed forms again to closed forms, 
[d, I] annihilates closed forms dxi . . . dx2n+i- We compute 

i) O [d, l]{xodxi . . . dx2n+l) = i^{d{p^XQ) . . . d{p^X2n+l) - d{p^^^Xa) ■ . ■ d{p^^^X2n+l)) 
2n+l 
= XI ^(Pn+l^o) ■ ■ ■ 5{pi+iXj-l)5{{p^, - p^^-^)Xj)5{p^Xj+i) . . . 5{p^X2n+l) 

j=o 

2n+l 
= Yl (Pn+l^Xo) . . . (p^+ifej-l)(p„+l - Pn)Sxj{p:j^SXj + l) . . . {p:I^Sx2n+i). 

We used that pn commutes with F, so that 5{p-^x) = p^Sx. If xq, . . . , X2n+i £ S, we can estimate 

\\4> o [d,l]{xodxi . . .dx2n+l)\\l 
2n+l 

^ H \\iPn+l^^o)\\oc.---\\{Pn+lSxj-l)\\cx, ' \\Pn+l ~ Pn\\l ' \\SXj\\^\\p:^SXj + i\\oo---\\PnSx2n+l\\^ 
j=0 

<2(n+l)6^"+i.(|b„+i||i + |b„||i).||r|U. 

Since {p„) is a cut-off sequence ||pn||i has at most exponential growth. Since eoo,n -^ 0, the term 
£oo n^ is 0(e") for any e > 0. Hence it decays fast enough to compensate the at most exponential 
growth of 2(n+ l)(||p„||i + ||p„+i||i). Therefore, ||i^ o [d, ?]((5)(d5)2"+i)||i = 0(e") for all e > 0. 
In particular, ip o [d, I] remains bounded on {S){dS)°'^'^. 
Next, we compute -0 ° [b, I] on S{dS)^"~^^: 

ipo [h,r\[xodxi . ..dx2n+l) 
2n 

= Y{-'^yi^\pixQd{pixi) . . . d{p^Xj-i)d{p^Xjpixj+i)d{pixj+2) ■ . ■ d{p^X2n+i) 
j=o 

- pixQd{p^^xi) . . . d{p^Xj^i)d{p^^XjXj+i)d{p^x.j+2) ■ ■ ■ d{p^X2n+iyj 

+ {-lf''-+'^1p{p^X2n+l{PnX0 - XG)d{p^Xi) . . . d{p^X2n)) 

= -~P^^X0PnXl{p^5x2) ■ ■ ■ {p^5x2n+l) + Pn^'2ii+lPnXa ' [Pn^Xi] ■ ■ ■ {p^5x2n) 
2n 

+ Y{-'^y^^PnXo{pi^5xi) . . . {pi^5xj-i) ■ {p:^S{xjPnXj+i)) ■ {p:tSxj+2) . ■ . (p^(5a;2„+i) 

If xo, . . . , X2n+i G S, we can estimate 

\\^o[bJ]ixodx,...dx2n+i)\\<27i\U\\US\UUT\\'^r^6iSpnS)h 

+ 2|b^|U||5foo||Pn||i||p^T||^' = Oin\\pJ, ■ 6^-1). 

This is again 0(e") for any e > for n ^ oo because the super-exponential decay of e^~^ 
overcompensates the at most exponential growth of n||p„||i. The estimation on {dS)°'^'^ is similar. 
The only difference is that the terms in the sum with j = and j = 2n + I drop out. 

Consequently, fodd remains bounded on sets of the form {S){dS)°'^^ with S G 6(Bodd) and 
S C B[Jjjj. It remains to verify that the choice of the cut-off sequence does not matter. 
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Assume that /icvcn i^ produced by another cut-off sequence (Pn). Then h[,^^^ — /icvcn extends 
to a bounded hnear functional on SlanBodd- This is verified in the same way as the boundedness 
of /leven o [d, I]. Therefore, ti — /lovon o d and ri — /ig^gn o d are cohomologous, the difference being 
the coboundary {hcvcn — ^ovcn) ° ^- ^ 

We now consider the homotopy invariance and additivity properties of the Chern-Connes char- 
acter. The class ch(0) = [(/) ] o [f] depends only on the class of the homomorphism cj) in HA (A; Bo 



or HA°(A; Bodd)- Theorem 3.39 implies that ch{(f>o) — ch(0i) if 0Oj ^i : A ^ B... are AC-homotopic. 
These homotopies leave the operators F (and 7) fixed. Alternatively, we can leave the homomor- 
phism ^: A — > yB(V) (and 7) fixed and vary the operator F. We claim that the Chern-Connes 
character is also invariant under this kind of "operator homotopy" . 

Lemma 3.64. Let t ^-^ Ft £ I3(\/) be a continuous path of operators satisfying F^ = 1 and 
[Ft, (/'(A)] C /C(V) for all j G [0, 1]. Then there is a smooth path of invertihles t ^^ Ut such that 
Uq = id, Fi = UiFoUj;\ and [Ut, (/)(A)] C /C(V) for all t e [0, 1]. 1/7 £ fi(V) is a grading operator 
that anticommutes with Ft for all t £ [0, 1], then we can achieve that Ut commutes with 7 for all t. 

Proof. Let C := [x e B{\/) \ [x, 0(A)] C /C(V)}. This is a closed unital subalgebra of S(V) and thus 
a unital Banach algebra. We can replace the path Ft by the path of idempotents pt — ■^{1 + Ft) 
in C. Standard techniques of if-theory imply that there is a continuous path of invertibles 
t ^ Uj. in C such that t/^ = id and U[Fo{U[)-'^ = Fi. It is well-known that C°°([0, 1]; C) is dense 
and closed under holomorphic functional calculus in C([0, 1]; C). Thus we can replace the path {Uj.) 
by a nearby smooth path of invertible elements (Ut). In addition, we can arrange that Uq — id 
and Ui = U[. U 

Choose a cut-off sequence (p„) for the operator Fq (recall that one of the conditions for the (p„) 
was to commute with F). Then the sequence {UipnUi^) is a cut-off sequence for the operator Fi. 
The associated functionals tq and ri are related by 

Ti{{xa)dxi . . . dXn) = fo{{Ui^XoUl)d{U^^XiUl) . . . d{U^^XnUl)). 

Therefore, the Chern-Connes character of (0, V, Fi) is equal to the character of (0i,V, Fq) with 
0i(a) = U{'^(j){z)Ui. Since (fii is smoothly homotopic to (f) via (/'t(a) = U^^4){a)Ut, the Chern- 
Connes characters of (cj), V, Fq) and {(p, V, Fi) are equal. 

Consequently, operator homotopic Fredholm modules have the same character. 

For j — 1, 2, let (j)j : A ^ B{\/j), Fj, and possibly 7^ be the data describing Fredholm modules. 
The direct sum of these two Fredholm modules is described by := 0i © (/)2 : A — > B{\/i © V2), 
F := Fi (B F2, and possibly 7 := 71 © 72. It is easy to verify that ch(xi © X2) = ch(a;i) -I- ch(a;2). 
That is, the Chern-Connes character is additive. A Fredholm module is degenerate if [0(A), F] = 0. 
Evidently, the Chern-Connes character of a degenerate Fredholm module is 0. 

I am not certain what equivalence relation to put on the Fredholm modules over Banach spaces 
considered above. Therefore, we now restrict attention to C*-algebras and Kasparov's A'-homology 
based on Fredholm modules over Hilbert space. 

3.4.4 ii'-homology and the index pairing 

The ii'-homology of C*-algebras is defined as follows. Let A be a separable C*-algebra and let !K 
be the separable infinite dimensional Hilbert space. An odd Fredholm module for A consists of 
an operator F e B{3-C) and a *-homomorphism 0: A ^ B{3{.) such that F = F* , F'^ = 1, and 
[F, 0(A)] C A^(3i). The iiT-homology K^{A) of A is defined as the set of equivalence classes of odd 
Fredholm modules for a certain equivalence relation. 
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Let {(1)0, Fq) and (0i,Fi) describe odd Fredholm modules. These define the same element of 
iiT-homology iff there are degenerate odd Fredholm modules (</>'■, F^), j = 0, 1, a *-homomorphism 
'0: A — > B{3-C), and a norm continuous path 1 1— > Ft, t € [0, 1], such that ("0, Ft) is an odd Fredholm 
module for all t G [0, 1] and {tp, Fj) is unitarily equivalent to {<j)j © 4''j,Fj © Fj) for j = 0, 1. This is 
the right equivalence relation because the equivalence relation generated by addition of degenerate 
modules and operator homotopy is the same as the equivalence relation of homotopy |25|] . 

The definition of the even A'-homology K'~'{A) is essentially the same, taking even Fredholm 
modules instead of odd ones. 

Let K^{IK) be the topological iiT-theory of A. The index pairing Ind: K*{A) x K^{A) -^ Z, 
* = 0, 1, is defined as follows. 

In the even case, represent the elements of K^{A) and Ko{A) by an even Fredholm module 
(0, F, 7) and an element a G M„(A) such that 1 + a e (M„(A))+ is an idempotent. Let 0„ :— 
(t>(g)id: A®M„ ^i3(J{)0M„ ^S(J{®C"), let F„ :=F®idc" ee(M®C"), and 7„ =7®idc". 
Then {4>n, Fn,jn) is again an even Fredholm module. Let % be the even and odd part of the 
range of the idempotent 1 + (j>n{a). The compression of F to an operator from 3C+ to 'X~ is a 
Fredholm operator. We let Ind ([((/), F, 7)], [a]) be the index of this Fredholm operator. The index 
of a Fredholm operator X is the difference 

Ind(X) := dimKcrX - dimCokerX 

In the odd case, represent the elements of K^{A) and Ki{A) by an odd Fredholm module (0, F) 
and an element a € M„(A) such that 1 + a E (M„(A))"'" is invertible. Define (/)„ and Fn as in 
the even case to get an odd Fredholm module ((/)„, F„). Let Hi" C J{ (g) C" be the range of the 
projection p := ^(1 + F„). The compression p(l + (j)n{a))p: J{" -^ J{" is a Fredholm operator. 
We let Ind([((/), F)], [a]) be the index of this Fredholm operator. 

Let us give an alternative description of these index pairings. Let ((/>, F, 7) be an even Fredholm 
module. Let 'K± be the range of the projections i(l±7). Since F anticommutes with 7 and F^ — 1, 
the restriction of F to !K+ is an isomorphism onto J{_ and the restriction of F to J{_ is the inverse 
of this isomorphism. We use these isomorphisms to identify !K+ with 3-C_ . We assume that 3i+ is 
infinite dimensional. This can be achieved by adding a degenerate module. 

The isomorphism B{^) ^ M2 (;B(J{+)) maps the algebra Bovcn = Bcvcn(5^, F, 7) C B{^) to the 
algebra of diagonal matrices (§ y) with x — y G /C(5{+). Therefore, we have a split extension 

/C(J{+) ^^ Bcvcn -^ S(J{+). 

Using the long exact sequence in ii'-theory, we compute that iiro(Bcvcn) — Z, -f^i (Bovcn) = 0. A 
generator of ii'o(Bcvcn) is the idempotent Fcvcn '■— (n 0) with a rank one projection p G /C(J{+). 
We choose an isomorphism jovon: -K'o(Bcvcn) -^ ^ that sends [Fovcn] '—^ 1- 

If ((/), F, 7) is an even Fredholm module, then ip is a ^-homomorphism A -^ Beven- It is easy to 
check that the index pairing with (0, F, 7) is equal to the composition 

i^0(A)-^/^0(Bevc„)'^Z. 

In the odd case, we can proceed similarly. Let {(p, F) be an odd Fredholm module. Let 'K± be 
the range of the projection i(l ± F). We assume for simplicity that both J{+ and !K_ arc infinite 
dimensional. The algebra Bodd = Bodd(3^^, F) can be described in this decomposition as the set of 
all 2 X 2-matrices [^ ^) with y and z compact. Writing B /!€{%) for the Calkin algebra on IK, we 
therefore get a short exact sequence 

/C(5{) >^ Bodd ^ B//C(J{+) ©6//C(J{_). 
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The inclusion /C(?{) — > Bodd induces the zero map on i^-theory because there is an isometry in 
Bodd with l-dimcnsional cokernel. The long exact sequence for the above extension shows therefore 
that iiro(Bodd) = 0, /iri(Bodd) — Z- To write down a generator of iiri(Bodd), let S± G B{'K±) be 
unilateral shifts (of multiplicity 1) and let p: J{_ -^ J{+ be a partial isometry of rank one that 
maps the cokernel of 5'- to the cokernel of 5+ . Then 

i^odd .- (^ ^ g_ 

is a unitary element of Bodd that generates Ki{Bodd)- Let jodd : ^i(Bodd) ^^ Z be the isomorphism 
sending Eodd to 1. The compression of i?odd to !H+ is the co- isometry S'^Jl and thus has index 1. 
Hence the index map Ki{A) -^ Z associated to the Fredholm module {(p, F) is the composition 

/fi(A)^i^i(Bodd)'^Z. 

Theorem 3.65. Let A be a separable C* -algebra. The Chem-Connes character descends to a 
natural additive map ch: K*[A) — > HA*(A, G^omp) such that (ch(x),ch(2/)) = (x,y) S Z for all 
x€K4A), y£K*{A), * = 0,1. 

Proof. An element of i^'^(A) is represented by an even (J{, F, 7)-Fredholm module. The Chern- 
Connes character of such a module was defined in the previous section. We have already observed 
that it is invariant under operator homotopies, additive, and vanishes on degenerate modules. 
Hence it descends to a map ch: K^{A) -^ HA" (A). The same applies in the odd case. 

It remains to compare the pairings {ch{x) , ch{y)) and {x,y) for x G K^{A), y e K*{A), * = 0, 1. 
We consider the even case. Represent y by an even Fredholm module (f>: A —^ Bcvcn(^, PjI)- The 
Chern-Connes character is defined by ch.{y) = 4>* {[fcvcn]) ■ Since the Chern-Connes character in 
iiT-theory is natural, we have 

{ch{x),ch{y)) = {(f>^ch{x), fcvcn) = (ch((?!),x), fovon)- 

Comparing with the index pairing, we see that it suffices to show that the functional Ko{Bcvcn) ^ C 
sending x h^ (ch(a;),fovon) is equal to jovcn- Since iiro(Bcvcn) is generated by [ii^even], it suffices to 
compute (ch(ii^even), ^cvcn) = 1- Sincc -Ecvcn G BJ^^^jj^, wc Can replace fovon by tq. We have already 



checked {ch.{Ecven) , tq) = 1 in Section 3.4.1 



Similarly, in the odd case the compatibility with the index pairing can be reduced to the 



computation (ch(i5odd),'''i) = 1 that was done in Section 3.4.1. D 



3.5 Tensor ing algebras and the exterior product 

Recall that a complete bornological algebra C is tensoring iff C ® N is a-nilpotent for all a-nilpotent 



algebras N. In Lemma 3.14, we found a sufficient condition for C to be tensoring involving the 



homology of C. This condition is necessary: 

Proposition 3.66. Let C be a complete bornological algebra. The following conditions are all 
equivalent to C being tensoring: 

(i) C ® JC is a-nilpotent; 

(ii) there is B y^ {0} such that C ® J^B is a-nilpotent and the natural maps C ® B'*-' — > C ® B'*-' 
are injective for all j G N; 

(iii) for all S G 6(C) there is A G R such that (XS)°° G 6(C); 
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(iv) C is an inductive limit of Banach algebras. 

That the natural maps C (g) B'*-' ^ C (§) B'*-' be injective is a technical assumption to exclude 
pathological analysis. It excludes, for instance, the case B®" ~ for some n G N. 

Proof. Of course, (i) and (ii) hold if C is tensoring and (i) implies (ii). Furthermore, (iii) implies 



that C is tensoring by Lemma 3.14. Therefore, we will be finished if we show that (ii) implies (iii) 
and that (iii) and (iv) are equivalent. 

Since B ^ {0}, there is a; e B \ {0}. Let 5 e S(C), then S (g) {dxdx} e S(C ® JB). Since 
C (g) JB is a-nilpotent, the set {S ® {dxdx})°° = [j S" (g) (da;)^" C C ® JB is small. That is, it is 
contained in {Sq «> (S'B)(rfS'B)°''™)'' for suitable small disks ^c G 6c(C) and Sb G 6^(6). Since the 
map C (g) B^"-?' ^ C B®-? is injective, this impHes that ||y||s<- • ||a;|||'^ < 1 for aU y G S^ (Use that the 
projective tensor product norm on a Banach space satisfies \\a (g 6|| = ||a|| • ||6||.) Let A :~ W^Wg^, 
then X^S^ C 5c. That is, (AS')~ C ^c. Thus (ii) implies (in). 

Let (Bi)ig/ be an inductive system of Banach algebras, let C := lim {Bi)i^j. If 5 G S(C), then S 

is contained in the image of a bounded subset of B^ for some i € I. Hence AS* is contained in the 
image of the unit ball of B^ for suitable A > 0. It follows that (AS*)"" is small. Thus C satisfies (iii). 
Conversely, if C satisfies (iii), then the sets S G 6c (C) with S^ C XS for some A G M are cofinal. If 

S'^ C XS, then Cs is a Banach algebra with respect to some norm. We have C = lim Cs by 

♦seSe(C) 



Theorem A. 4. We can replace 6c(C) by any cofinal subset without changing the limit. Thus we 



can write C as an inductive limit of Banach algebras. D 

Theorem 3.67. Let C be a Frechet algebra. Then the following are equivalent: 

(i) for all precompact subsets 5 C C, there is X > such that {XS)°° is precompact; 

(ii) for each null-sequence (a;„)„gpf in C, there is iV G N such that {a;„ | n > N}°° is precompact; 

(iii) there is a neighborhood U of the origin in C such that S°° is precompact for all precompact 
sets S C U. 



This theorem is due to Puschnigg [p2l. We prove it in appendix A. 1.5 



Lemma 3.68. Completions, subalgebras, quotients, direct sums, inductive limits, tensor products, 
and allowable extensions of tensoring algebras are again tensoring. 

Proof. We only prove the assertion about extensions, the other assertions are trivial. 

Let K ^-» E ^> Q be an extension, possibly without a bounded linear section. Since J'C is 
nuclear, tensoring with J'C preserves extensions. Thus K (g) J'C ^^ E (g JC ^» Q g) JC is again 
an extension. (If we had bounded linear sections, we would not need the nuclearity of JC.) If K 



and E are tensoring, then K(g) JTC and Qg) J'C are a-nilpotent. The Extension Axiom 3.12 implies 



that E (g) JC is a-nilpotent. Thus E is tensoring by Proposition 3.66. D 



Corollary 3.69. A is tensoring iff T f\ is tensoring. 

Proof. If A is tensoring, then so is TA as an extension of A by the a-nilpotent and thus tensoring 
algebra J A. Conversely, if TA is tensoring, so is its quotient A. D 

Example 3.70. The algebra Jlw'^' ^^^ product of countably many copies of C, is not tensoring. 
Hence a product of countably many tensoring algebras may fail to be tensoring. 

Consider v := (1, 2, 3, 4, ... ) G Hn *^- ^he corresponding one-point set {v} is small, but {c- v}°° 
is not small for any c > 0. To see this, choose to G N such that m ■ c > 1. The ?Tith component of 
c"v" is (c • m)". Since the set (c • m)", n G N, is unbounded in C, the set {c ■ v}°° is not small. 
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Let Ci and C2 be tensoring. Thus idci ® ^C2 and aci ® idrC2 ^^'^ lanilcurs by the Tensor 
Lemma 3.26. Hence their composition aci <8> ctq^ is a lanilcur by the Extension Lemma 3.25. 
However, if Ci or C2 is not tensoring, then cci ^crca is (usually) not a lanilcur. There is no reason 
to expect (Ti (g) CT2 to define an element of HA*(Ci (g) C2,TCi (i) TC2). Consequently, there is no 
exterior product in analytic cyclic cohomology for arbitrary algebras. However, counterexamples 
may be hard to find because the most obvious non-tensoring algebras like C[t\ are still homotopy 



equivalent to tensoring algebras. For tensoring algebras, the exterior product exists: 

Theorem 3.71. Let Ci and C2 be tensoring algebras. Then X(T(Ci C2)) is naturally chain 
homotopic to X(TCi) (E)X(TC2). 

Thus we obtain an exterior product HA* (Ci; C2) xHA*(C3;C4) — + HA*(Ci ® C3; C2 (K>C4) if the 
algebras Cj, j = 1, . . . , 4, are tensoring. 

Proof. In |3^, Puschnigg proves the assertion if Bi and B2 are Banach algebras with the bounded 
homology. This is the special case of entire cyclic cohomology for Banach algebras. Furthermore, 
the chain maps between X(TBi) (g) X(TB2) and X(T(Bi g) B2)) and the homotopy operators 
joining the compositions to the identity are natural. We can reduce the case of tensoring algebras 
to this special case by writing a tensoring algebra as an inductive limit of Banach algebras. 

The functors Ci g) C2 1-^ X{TCi) ® X{TC2) and Ci g) C2 1-^ X(T{Ci g) C2)) commute with 
inductive limits. That is, if Cj = lim(Cj^i)ig/ for j — 1,2, then 

X(rCi) X{TC2) = \hnX{TCi^i) X{TC2,^), X{T{Ci C2)) = fimX(r(Ci,, «> €2,^)). 

Thus if we have natural maps between these complexes for Banach algebras, we get induced natural 
maps for arbitrary tensoring algebras. D 



Chapter 4 

Periodic cyclic cohomology 



The methods used above for analytic cycUc cohomology can also be used to study periodic cyclic 



cohomology. In Section 4.2, we carry over the machinery of universal nilpotent extensions. How- 
ever, the appropriate analogue of the analytic tensor algebra of an algebra A is no longer an algebra 
any more, but the projective system of algebras TpA := (Tv4/(J^)") . Thus to handle periodic 
cyclic cohomology properly, we have to define it on the category of pro-algebras, that is, algebras 
in the category of projective systems of "vector spaces" . 

The "vector spaces" are put in quotation marks because we have great freedom to choose the 
entries of our projective systems. We define the category pro(C) of projective systems over any 



additive category € in Section 4.1. We can take for € the vector spaces over any ground field of 
characteristic zero; or complete locally convex topological vector spaces; or complete bornological 
vector spaces. In these cases the theory goes through without difficulty. To formulate results 
in a more concrete way, we will stick to complete bornological vector spaces and leave it to the 
interested reader to adapt the theory to other cases. 

It would be very desirable to take for £ the category of abelian groups, so that we get the 
periodic cyclic cohomology of rings without additional structure. Unfortunately, the re ap pears to 



involves 



be no reasonable definition of homotopy in this category. The proof of Proposition 3.38 

the integration of functions and thus division by integers. This only works if all objects are vector 

spaces over the rational numbers Q. 

The analogue of the analytic tensor algebra for pro-algebras is the periodic tensor algebra TpA. 
This is defined, roughly speaking, as the projective limit of the pro-algebras (TA/{JA)'') . The 
algebra TA/{JA)'' is most easily defined by TA/{JA)'' := A® n'^A © ■ • ■ © n'^'^-'^A with the "cut 
off" Fedosov product as multiplication. "Cut off" means that all terms of degree at least 2k are 
ignored. We do not define the tensor algebra TA of a pro-algebra here. Suffice it to say that 
it always exists, is very complicated, and that the quotients TA/{JA)'' are isomorphic to the 
simple objects described above. We define flpA as the projective limit of the projective system of 
differential pro- algebras A(B ^^A® ■ ■ ■ (B^'^A with the "cut off" multiplication and differential. 

The appropriate analogue of a-nilpotent algebras is the class of locally nilpotent pro-algebras. 
Let TV be a pro-algebra with multiplication m^ : N ^N ^ N. Let m^ : N^'' ^ N he the iterated 
multiplication map. We call N locally nilpotent iff for all pro-linear maps I: N ^ C whose range 
is a constant pro-vector space, there is fc G N such that I o m]^ = 0. A constant pro-vector space is 
a complete bornological vector space viewed as a pro- vector space indexed by a one point set. 

We define a class of linear maps with locally nilpotent curvature so that all the axioms in Sec- 



tion 3.1 are satisfied with periodic tensor algebras, locally nilpotent algebras, and "lonilcurs" 



stead of analytic tensor algebras, analytically nilpotent algebras, and lanilcurs. There are, however, 
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some simplifications. Tensor products A^N with locally nilpotent N are locally nilpotent without 
any assumption on A. Hence the analogue of the Homotopy Axiom is trivial. A pro-algebra R is 
locally quasi-free in the sense that there is a bounded splitting homomorphism i? — > 7^i? if and 
only if R is quasi-free in the Hochschild homological sense. 



Thus we can carry over all consequences of the axioms in Section 3.1. In particular, we have 
the Universal Extension Theorem and the Uniqueness Theorem. We define the X-complex of a 
pro-algebra in the obvious way and define periodic cyclic cohomology using the X-complex X{7pA). 
The resulting theory is automatically homotopy invariant for absolutely continuous homotopies and 
stable with respect to generalized algebras of trace class operators. Moreover, we get the homotopy 
equivalence X{TpA) ^ {i^pA, B + b) as in the analytic case. Actually, the proof is simpler because 
rescaling with n\ does not matter in X{TpA). 

The bivariant periodic cyclic cohomology for pro-algebras satisfies excision for allowable ex- 



tensions of pro-algebras. The proof in Section 3.3 simplifies considerably because the Hochschild 



homological notion of quasi -frecn ess is already the right one for the Uniqueness Theorem. Hence 



the construction in Section 3.3.5 of the splitting homomorphism £ — > T£ can be omitted. Pro- 
algebras and excision for pro-algebras have been studied by Valqui |Q and Gr0nbaek |1^. Our 
emphasis is quite different from Valqui's because we treat only extensions with a pro-linear section. 



In Section 4.3 we return to ordinary algebras and consider excision results in cyclic (co)ho- 
mology. The cyclic homology HC,(A) and cohomology HC*(A) are defined in Appendix |A.3| using 
the Hodge filtration i^„(A) on the complex X{TA). Let K ^^ E ^> Q be an allowable extension of 
complete bornological algebras. Recall that g: X{TK) -^ X{TE : TQ) is the natural map induced 



by the inclusion K ^ E. The Excision Theorem 3.48 asserts that g is a homotopy equivalence. We 



can estimate how the maps implementing this homotopy equivalence shift the Hodge filtration: 

Theorem 4.1. There are a chain map f: X(TE : TQ) -^ X{TK) and a map h: X(TE : TQ) -^ 
X{TE : TQ) of degree 1 such that f o g = id on X{TK), h o g ~ Q, and id — g o f = [h,d]. In 
addition, 

/(^3n+2(E : Q)) C F„(K), /i(^3n+2(E : Q)) C F„(E : Q). 

// there is a bounded splitting homomorphism s : Q — > E, we can achieve the better estimates 

/(F4„_i(E : Q)) C F2„_i(K), /i(^4„-i(E : Q)) C ^2„-i(E : Q). 

/(F4„+2(E : Q)) C F2n{K), /i(^4„+2(E : Q)) C F2„(E : Q). 

Using the definition of cyclic cohomology in terms of the Hodge filtration in Appendix |A.3| , it 
follows that the chain map / induces maps HC„(/): HC3„+2(E : Q) -^ HC„(K). The estimates 
about the chain homotopy h imply that HC„(/) o HC3„+2(«) = S'"^^ : HC3„+2(K) -^ HC„(K) and 
HC„(i) o HC„(/) = 5"+i : HC3„+2(E : Q) -^ HC„(E : Q). That is, we get the i'-operator iterated 
n + 1 times. Dual statements hold in periodic cyclic cohomology. 

The connecting map X{TQ) -^ X{TK) is the composition / o [d, s^], with [d, s^] : X{TQ) -^ 



X{TE : TQ) the connecting map of Theorem A. 8. It maps F3„+3(E : Q) ^^ Fn{K) because 



d{Fn) C Fn^i for all n £ N. Hence the connecting map in periodic cyclic (co)homology restricts 
to maps HC"(K) -^ HC^"+^(Q) and HC3„+3(Q) -^ HC„(K). Puschnigg obtains the same estimate 
for the connecting map and proves in addition that it is optimal for a class of extensions including 



all extensions of the form JA >^ TA -^ A. It follows that the estimates in Theorem 4.1 are optimal 



in the worst case. I do not know whether the above estimates in the split case are optimal. 



The proof of Theorem 4.1 involves lengthy and complicated bookkeeping. It is much easier 
to prove the weaker statement that /(-Fbn-i-constlE : Q)) C Fn{K) for a suitable constant const. 
Considerable work is required to detect the cancellation that is responsible for the optimal estimate. 
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In Section 4.4 we argue why it is a good idea to study cyclic cohomology theories for bornolog- 



ical algebras and not for topological algebras. Bornological algebras contain both algebras without 
additional structure and Frechet algebras as full subcategories. The "bornological" cyclic coho- 
mology groups are the usual ones on these subcategories. Thus we can handle the most important 
examples of algebras in a common framework. Furthermore, there are interesting examples of 
complete bornological algebras that are not topological algebras, but for which a "topological" 
cyclic cohomology is needed. 



4.1 Projective systems 

Let £ be an additive category, that is, the morphisms in <L are Abelian groups. We define the 
category pro(C) of projective systems over £. To define algebras, we need an additive tensor 
product functor C x C ^ £. We will call the objects of C "vector spaces", the morphisms in £ 
"linear maps" , and the morphisms A (g) _B — > C "bilinear maps" . 

A projective system over £ or briefly pro-vector space consists of a directed set / of indices, 
"linear spaces" Vi for all i E I, and "linear maps" (f>ij : Vi — > Vj for all i > j, i,j E I. These 
so-called structure maps are assumed to be compatible in the sense that (j)j^k ° 4>i,j = 4>i,k whenever 
i ^ j ^ k, i,j, k E I. Furthermore, (j)i^i = id for all i E I. These are the objects of pro(£). 

The space of morphisms between pro- vector spaces {Vi)i^j and {Wj)j^j is the Abelian group 
deflned by 

Mor {{Vi);(Wj)) := lim lim MoTciVuWj). 

< j >i 

We call these morphisms pro-linear maps. That is, a morphism f : V -^ W consists of the following 



data. For all j E J, an index i{j) E I and a "hnear map" fj : Vi 



U) 



Wj. These maps are 



compatible in the sense that if j' > j, then there is i' > i{j),i{j') such that the diagram 




commutes. On these raw data, an equivalence relation is introduced as follows. Collections of 
"linear maps" fj-. V^j-^ -^ Wj, fj-. V^'Q) -^ Wj, j E J, describe the same morphism iff there is a 
function j i~> i"(j) from J to I such that i"{j) > i'{j),i{j) for all j E J and the diagram 



v„ 



U) 



'U>,i'(J) 



Vi 



U) 






y^'U) 



n 



w. 



commutes. 

These definitions are quite complicated and abound in indices. However, there is a reasonable 
way to handle pro-vector spaces by comparing them to constant pro-vector spaces. This technique 
is known already to Artin and Mazur R]. A constant pro- vector space is just a "vector space" C, 
viewed as pro-vector space that is indexed by a one point set. \iV = (T^)ig/ is a pro-vector space. 
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then the map id: Vi ^ Vi defines a pro- linear map V ^ Vi. Conversely, iil: V ^ C is a. pro- linear 
map with constant range, then there is i £ / such that / factors as V^ ^ V^ ^ C for some "linear 
map" Vi -^ C. This is immediate from the definition of a pro-linear map. The pro-vector space V 
can be characterized uniquely by the class of all pro-linear maps V -^ C with constant range. 
The tensor product in £ gives rise to a tensor product of pro- vector spaces. We define 

rn^ei ® {Wj),eJ := {V^ W^j)«e/,jeJ. (4.1) 

The tensor product is indexed by the product I x J with the product ordering and structure maps 
4'i',i "Xi (f'j' ,j for *' > * and j' > j. The tensor product can be characterized as follows. For each 
pair of morphisms ly '■ V ^ Cy, Iw '■ W —>■ Cw with constant range, there is a unique morphism 
Iv ®lw'- V ®W -^ Cv ® Cw and each morphism I: V ®W ^ C with constant range factors 
through a morphism of the form ly ® Iw- 

A pro-algebra A is a pro-vector space together with a pro-linear map niA : A ® A ^t A^ the 
multiplication, that is associative in the usual sense niA ° {mA id) = rriA o (id CE) uia)- 

A left module over a pro-algebra A is a pro-vector spaces V with a morphism of projective 
systems niAv '■ A®V ^ V that is associative in the sense that rriAv ° ("t-a <8> idy) = niAv o (id^ ® 
rriAv)- 

A homomorphism of pro-algebras A —> B is a morphism of pro- vector spaces f : A ~> B such 
that niB ° (/ (X) /) = / o ruA- A homomorphism of A- modules V —> W is a morphism of pro- vector 
spaces f: V ^ W such that rriAw ° (id ® f) = f ° rriAv- 

Since there are finite direct sums in £, there are finite direct sums in pro(£) as well, defined by 
iVi)i£i © (Wj)j^j := (Vi ® Wj)iei,jeJ- We define allowable extensions of pro-vector spaces in the 
obvious way as diagrams {i,p): V ^^^ V ^> V" such that there are pro- linear maps s: V" -^ V, 
t: V ^ V satisfying t oi = id y , p o s — idy and i ot + s op — idy- Thus V ^ V ® V" . 

More generally, we can define arbitrary extensions as follows. Assume that we know what an 
extension of "vector spaces" is. If we have no other concept of extension, we may take allowable 
extensions. A diagram (i,p) : V' —>■ V ^ V" of pro- vector spaces with p o i = is an extension of 
pro-vector spaces iff it is a projective limit of extensions of constant pro-vector spaces. That is, we 
have a projective system of extensions {ij,pj) : C' ^^ Cj -» C" of "vector spaces" and V' ^ limC', 

V = limCj, V" = limC'', i = limij, p = liiapj. An allowable extension of pro- vector spaces is an 

extension in this sense. 

In the category pro(£), projective limits and products exist for formal reasons because we can 
identify a pro-pro- vector space with a pro- vector space in a natural way. If {Vi_j)ji=j. is a pro- vector 
space for all i e / and if these pro-vector spaces form a projective system with structure maps 
(/)i,i' e Mor((Fij)j; (Vi'j)j), then the projective limit is simply (Vij)ig/jej, indexed by [Ji^j Ji 
with the obvious partial ordering and the obvious structure maps. 

Products and projective limits of pro-algebras are again pro-algebras. Tensor products of pro- 
algebras are pro-algebras. 

4.2 Periodic cyclic cohomology for pro-algebras 

Let A be a pro-algebra. We define U^A :— A+Cg)A®" as usual, using the tensor product of pro- vector 
spaces. The unitarization is defined as the direct sum A+ := A® C, with the usual multiplication. 
The multiplication of differential forms gives rise to pro-linear maps ^"^A^il^A -^ il"+'"A. Since 
the multiplication of differential forms uses only the multiplication in A, it continues to make sense 
for pro-algebras. The differential d: il^A -^ 51"+^ A is easy to carry over to pro-algebras. 

The finite direct sum Q-"^A := A(S i^^A © • • ■ ® Q,"A is a pro-vector space. We make Q,-"A a 
differential pro-algebra by cutting off the multiplication and differential, that is, ignoring all terms 
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in VL'^A with m > n. The natural projection fl-'^A -^ ft-" A for m > n annihilating fi'^A with 
/c > n is a differential homomorphism, that is, multiplicative and compatible with the differential. 
Thus we get a projective system (r2-"A)„gN of differential pro-algebras. The periodic differential 
envelope flpA of A is the projective limit of this system. Thus ^pA is a differential pro-algebra. 
The even part of QpA endowed with the Fedosov product is the periodic tensor algebra TpA of A. 
The natural projection ilpA — > U-°A = A restricts to a homomorphism ta ■ TpA -^ A. We 
write J^pA for its kernel. Thus J^pA is the projective limit of the pro-algebras JIpA/{J'pAy'' :— 
n^A • • • r2^"~^A. The usual formula defines a pro- linear section aA- A -^ TpA for ta- It is the 
map A ^ TpA induced by the natural inclusions A—>- A® Q'^A © • • • fl^'^^'^A. 



To carry over the formalism of Section 3.1, we define locally nilpotent pro-algebras and lonilcurs. 
The latter is an abbreviation for pro-linear maps with locally nilpotent curvature. 

A constant pro- vector space is just an ordinary "vector space" , viewed as a projective system 
in the trivial way. Let ^ be a pro-algebra with multiplication tua '■ A^A^A. Let m^ : ^®" — > A 
be the iterated multiplication. We call A locally nilpotent iff for all pro-linear maps f : A —> C with 
constant range, there is n € N such that / o m\ = 0. Typical examples are nilpotent pro-algebras, 
where m^ = for some n G N, and projective limits of nilpotent pro-algebras. 

Axiom 4.2. The pro-algebra JpA is locally nilpotent for all pro-algebras A. 

Proof. Any pro- linear map I: JpA -^ C with constant range factors through J^pA/{J'pA)'"' for 
suitable n by the concrete construction of projective limits. The n-fold multiplication in the pro- 
algebra J^pA/{J'pA)" is zero because a product of n forms of positive even degree has degree at 
least 2n and is therefore zero in JpA/iJpA)'' = n^A © ■ • ■ fl'^'^^^A. Thus lom'} ^ = 0. D 

A pro-algebra R is locally quasi-free iff there is a splitting homomorphism R —> TpR. A universal 
locally nilpotent extension is an allowable extension N ^-> R —» A with locally nilpotent N and 
locally quasi-free R. A morphism of pro-vector spaces I: A ^ B between pro-algebras is called 
a lonilcur iff its curvature cur. A /^ A —^ B is locally nilpotent in the following sense: For each 
pro- linear map f : B ^ C with constant range, there is n G N such that / o m^ o w®" — 0. 

Axiom 4.3. A pro-algebra N is locally nilpotent if the identity map 'dmII(N) -^ N is a lonilcur. 

Proof. The curvature of the identity map I : null(A'^) — > A^ is equal to —niN. If Hs a lonilcur, then 
for any pro-linear map f : N ^ C with constant range there is fc £ N such that / o m^ o cui = 0, 
that is, — / o m^ o mjv = / o rnj^ = 0. Thus N is locally nilpotent. D 

Axiom 4.4. Let I: A -^ B be a pro-linear map between pro-algebras whose curvature factors 
through a locally nilpotent algebra, that is, uji = fouj' for a homomorphism of pro-algebras f:N^ 
B and a pro-linear map co' : A>S) A —>■ N with locally nilpotent N. Then I is a lonilcur. 



Proof. Assume that the pro-linear map I: A ^ B factors as described above. Let g: B -^ C 
be a pro-linear map with constant range. Then g o f o m^ = for some fc G N because N 
is locally nilpotent. Since / is a homomorphism, we have / o m'^ — nig o J®". Hence = 
g o m^ o f^" o (w')®" = g o m^ o wf ". This means that I is a lonilcur. D 

Axiom 4.5. Let A be a pro-algebra. The pro-algebra TpA and the bounded linear map ga'- A —^ 
TpA have the following universal property. If I : A ^ B is a lonilcur into a pro-algebra B, then 
there is a unique homomorphism of pro- algebras |/] : TpA — > B with HJoaA — I. Furthermore, any 
map of the form fooA with a bounded homomorphism f : TpA ^ B is a lonilcur. 
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Proof. Let I be a lonilcur. We have to construct a homomorphism of pro-algebras p] : TpA -^ B 
satisfying p] oaA^l- Let (Z)wf := m^+i o {{I) ® tjf'') : f^^^^A -^ B, where m^^^ : B+ ^ B®^ -^ B 
is the muhipUcation in B and i?+ and (/} is the unital extension of I. The map {l)oJi describes the 
map {xQ)dxi . . . dx2k '-* l{xo) ■ L0i{xi,X2) ■ ■ ■uJi{x2n-iTX2k) in the situation of pro-algebras. 

Let / : i? ^ C be a pro-linear map with constant range. We claim that there is some n G N such 
that fo{l)uJi = for all k > n. The pro- linear map /om^ : B^ ®B -^ C factors ci,s f = go{f\® f2) 
with pro-linear maps /i : 5+ ^ Ci , /2 : B ^ C2 with constant range and a bounded linear map 
5 : Ci (g) C2 ^ C. Since I is a lonilcur, there is some n e N such that /2 o ^p = 0. Hence 

/ o {l)uj^ ^fom+o ((/)c^f-" t^r) - 3 ° (/i ° (O^f "" ® /2 ° ^D = 0. 

To construct |/], write B = {Bi)i^j as a projective system. For each i G I, we have the pro- 
linear map fi'. B ~> Bi with constant range and have found above a number n^ e N such that 
(Z)wf = for aU fc > n, G N. We define pro-linear maps {1% : TpA/{JpA)"^ -^ B, by 

p]^ := /, o (Z e {1)ljI ® • • • © (O^r'"^) : ^ ® f^^^ © • • • © f7^"'"^A -^B^B,. 

The pro-hnear maps |/]^ form a morphism of projective systems from (TA/(J^)") to {Bi)i^i. 
This follows from /^ o (l)wf = for all k > rii. This morphism of projective systems induces a 
pro-linear map |/] : TpA = lim (T/(JA)") ^ lim(B,),e/ = B. 

The pro- linear map \l\ is defined by the same formula that occurs in the universal property of the 



algebraic tensor algebra TA of an algebra in (A. 19). Since that formula defines a homomorphism, 



the map \l\ is a homomorphism of pro-algebras. Details are left to the reader. Moreover, p]ocr^ = / 
by construction, and p] is the only homomorphism TpA -^ B with that property. 

It remains to show that any linear map of the form I = f o ga: A —>■ B with a homomorphism 
of pro-algebras / : TpA —^Bisa lonilcur. If 5 : _B — > C is a pro-linear map with constant range, 
then g o f factors through TpA/ (J'pA)'' for some fc £ N. Hence g o uji = g o f o lo„ factors through 
JpA/{JpA)^ . Since the latter pro-algebra is fc-nilpotent, it follows that g o 10^ —Q. D 

Hence the periodic tensor algebra, lonilcurs, and locally nilpotent algebras are related by the 



same axioms as in Section 3.1. It remains to verify the analogues of the Homotopy Axiom and the 



Extension Axiom. The Homotopy Axiom becomes trivial: 

Lemma 4.6. Let A and N be pro-algebras. If N is locally nilpotent, so is A>Ss) N. 

Proof. Let f : A ® N ^ C he a pro- linear map with constant range. It factors as 5 o (/^ (§ f2) 
for pro-linear maps with constant range /i : A -^ Ci , f2- B ^ C2, and a bounded linear map 
g: Ci ® C2 ^ C. Since TV is locally nilpotent, there is fc G N with /2 o m% = 0. The fc-fold 
multiphcation in ^ (g) TV is Tn\ (g) m^ up to a coordinate fiip t? : (A (g) N)"®^ -^ A'^*^ (g) N'^'^ . Hence 
/ o TO^A^ = ((/i o Tn\) (g) (/2 o m^)) 0^ = 0. Thus A® N is locally nilpotent. D 

Therefore, we do not have to worry about tensoring algebras and can the algebra C[t] of 
polynomials instead of AC([0, 1]) or C°°([0, 1]). Hence the homotopies constructed in the Universal 
Extension Theorem are polynomial. 

Axiom 4.7 (Extension Axiom). Let (t, tt) : N' -^^ N ^* N" be an extension of pro- algebras. 
Assume that N' and N" are locally nilpotent. Then N is locally nilpotent. 

Proof. By definition, an extension of pro-algebras is a projective limit of extensions. That is, we 
have extensions (ti,7ri): N^ ^-> iV^ ^> N^' of complete bornological vector spaces indexed by a 
directed set / and morphisms {(j>'j i,(j>j^i,(j)'j i) for j > i between these extensions such that iV' ~ 
lim(Ar/),e/, TV = lim(A^,)»G/, N" = lim(A^')*G/, ^ = lim{i,),ei, tt = lim(7r,)»G/- 
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We can describe the n-fold multiplication m^ = to" in N by maps m" : -/V^^^x -^ Ni. Since the 
map tt: iV — > N" is multiplicative, we can achieve (by increasing jn(*) if necessary) that to" maps 
the kernel of tt^" , : TV®"., -^ (N" ,.,)^" into M. The maps on the quotients (TV" ,-0^" -^ N'' 
induced by to," describe the n-fold multiplication in N" . The restrictions to {N'- /-jO®" ^ TV/ 

describe the rt-fold multiplication in N' . We write to,"j := m" o (j)j.j(i) : TV®" -^ iV^ for all j > j,i{i). 
We have to show that for all i G /, there are ti G N and j > j„(i) such that to"j = 0. Since iV' 
is locally nilpotent, there are n' G N and i' G I, i' > jn'{i), such that to" j annihilates (A^//)®" . 
Since iV" is locally nilpotent, there are n" G N and i" G /, i" > jn"{i'), such that 

p.,oTO^5;>:iV«""->A^,^A^; 

is the zero map. That is, iV®," is mapped into iV^', . Thus to" ■ o (to", j,)®" = 0. Hence to"j" = 
for all j G / with j > i" and j > jn'-n"{i)- Thus iV is locally nilpotent. D 

We have verified all axioms of Section p^. Hence the consequences drawn there carry over. We 
only formulate the Uniqueness Theorem: 

Theorem 4.8 (Uniqueness Theorem). Let A be a pro-algebra. Then J-pA ^^ 7^ A -^ A is a 
universal locally nilpotent extension of A. Any universal locally nilpotent extension N >—> R —» A 
is smoothly homotopy equivalent relative to A to J^pA >— > TpA — » A. In particular, R is smoothly 
homotopy equivalent to TpA and N is smoothly homotopy equivalent to JpA. 

In addition, any morphism of extensions (^, 'ijj, id) between two universal locally nilpotent ex- 
tensions is a smooth homotopy equivalence of extensions relative to A. Any two morphisms of 
extensions (^,^,id) are smoothly homotopic. 

The X-complex of a pro-algebra is defined as for ordinary algebras by Xq{A) := A and Xi (A) := 
il^A/b{i^'^A). We have to declare, however, what this quotient should mean for pro-algebras. It 
can be characterized by its universal property: Jl-'^A/[,] :— n^A/b{n'^A) is a projective system of 
(possibly non-separated) bornological vector spaces such that the pro- linear maps r2^A/[, ] -^ V 
are in bijection with pro-linear maps I: ^^A -^ V satisfying / o 6 = 0. If A is quasi-free in the 
sense that fl^A is projective as a module over A, then Xi{A) is a direct summand in fl^A and in 
particular a projective system of separated spaces. 

Homological algebra for modules over a pro-algebra works just as well as for modules over a 



complete bornological vector space. Furthermore, the proof of Lemma A. 15 carries over easily to 
pro-algebras. Thus if i? is a quasi-free pro-algebra in the sense that i?+ has an allowable projective 
i?-bimodule resolution of length 1, then there are homomorphisms Vn'. R — > 7^i?/(j7p_R)" that 
combine to a homomorphism of pro-algebras R -^ TpR. That is, R is locally quasi-free. Hence 
local quasi-freeness and quasi-freeness are the same concepts. 

We define the bivariant periodic cyclic cohomology HP* (A; B) as the homology of the complex of 
pro-linear maps X{TpA) — > X{TpB). Similarly, we define the periodic cyclic (co)homology groups 
HP* (A) and HP* (A) as the homology groups of the complexes of pro- linear maps X{TpA) -^ C[0] 
and C[0] — > X{TpA). Here C[0] is viewed as a constant pro-vector space. 

The X-complex continues to be invariant under absolutely continuous homotopies for quasi- 
free pro-algebras. We describe homotopies by homomorphisms of pro-algebras A -^ i3(g)AC([0, 1]), 



where AC([0, 1]) is viewed as a constant pro-algebra. The proof of Proposition 3.38| carries over 



without change. Hence periodic cyclic cohomology is invariant under absolutely continuous homo- 
topies and stable with respect to generalized algebras of trace class operators. The arguments in 



Section 3.2.3 carry over. The algebras C and U remain quasi- free when viewed as constant pro- 
algebras. Hence we can associate a Chern-Connes character to any homomorphism of pro-algebras 
C ^ A or U ^ A as in Section 3.2.5|. If the ii'-theory of pro-algebras is defined appropriately. 
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we can carry over the Chern-Connes character in ii'-theory. Finally, the complex X{TpA) is chain 
homotopic to the pro-complex {^pA, B + b). The argument in Section [3.2.6 carries over with some 
simplifications because rescaling by [7i/2]! on Q^'A does not matter any more. 
We have excision for allowable extensions in both variables for HP* (A; B): 

Theorem 4.9 (Excision Theorem). Let A he a pro-algebra. Let {i,p): K ^^ E ^> Q be an 

extension of pro-algebras with a pro-linear section s. That is, s: Q —^ E is a pro-linear map 
satisfying p o s = id. There are six term exact sequences in both variables: 



RP°{A; K) ^^-^ HP°(A; E) ^^ HP°(A; Q) 

HP1(A; Q) -^;^ HP1(A; E) ^-— HP^A; K) 
HP°(Q; A) -^-^ HP°(£;; A) —^ HP°(if ; A) 



}1P\K; A) ^-:r- HP^E; A) ^-^ HP^(Q; A) 



The maps i:,,i*,p:,,p* are given by composition with the HP-classes 
phisms i and p respectively. 



and [p] of the homomor- 



The proof in Section 3.3 actually simplifies considerably. Let {i,p): K >-^ E -» Q bean 
allowable extension of pro-algebras with a pro-linear section s: Q ^> E. As in Section 3.3.2, 
it follows that X{Tpp): X{TpE) -^ X{TpQ) is s plit s urjective, so that the long exact homology 
sequence applies. The isomorphisms in Section |3.3.3 carry over easily. We define the analogue 
of £ in th e obv ious way. We obtain the allowable free £-bimodule resolution P^ ^^ Pq ^> £+ as 
in Section 3.3.4 and compute that the associated commutator complex is isomorphic to Xfj{TpE : 
TpQ) ® C[0]. It follows that £ is quasi-free. Thus the argument in Section 3.3.5 is no longer 
necessary, we automatically get a homomorphism of pro-algebras u : £ ^ TpS,. 



4.3 Dimension estimates in the Excision Theorem 



We prove Theorem |4j. A chain map /: X{TE : TQ) -^ X{TK) and a homotopy h: X{TE : 
TQ) -^ X{TE : TQ) are implicitly constructed in the proof of the Excision Theorem in Section |3.3| . 
We will first define the maps / and h that we are going to use. Then we will estimate how / shifts 
the Hodge filtration. Finally, we will estimate the behavior of h. Since the estimates in Theorem 4.1 
are optimal, we have to do very careful bookkeeping. 

Throughout this section, we adopt the conventions l,lj e £, q,qj G Q, x,Xj G TE, e,ej G E, 
k, kj G K, q, qj G Q, X, Xj G T£, for all j G Z+. 



The first step in the proof of excision is Theorem 3.49 asserting that the natural map V' : -'^(£) ^ 
X{TE : TQ) induced by the inclusion £ C TE is a homotopy equivalence. In fact, we have proved 
more in Theorem 3.53. Namely, the map ^ is split injective and X(TE : TQ) = ?/'(X (£)) © C, 
with the contractible complex Cq := [£, si,(TQ)], Q!^ :— HDsLiT^Q) mod [, ]. In fact, the boundary 
di : C[ ^ Cq is a bornological isomorphism. Thus we obtain a homotopy inverse g : X{TE : TQ) -^ 
X{£,) for t{j by letting 5 = on C, and g = -0"^ on ^jj(^X{£,)'^ . By construction, got/j = id on X{£.) 
and f/) o ^ is the projection onto the range of V' annihilating C^. Let hi G B(^X{TE : TQ)) be the 



4.3. DIMENSION ESTIMATES IN THE EXCISION THEOREM 



79 



obvious contraction of C, defined by /ii = on ■0(X(£)) 
Then ip o g = id — [hi, d]. 



C'l and hi = di\^}: CJ, -^ C'^ on Cg, 



The second step in the proof of excision is Theorem 3.5C asserting that £ is analytically quasi- 
free. In Section 3.3.5| we have constructed an explicit bounded splitting homomorphism u ; £ — > T£. 
Actually, we have remarked in Section 4.2 that we do not need Theorem 3.50 for excision in 



periodic cyclic cohomology. It suffices that the pro-algebra (£/(£ n J^E")) is quasi-free, which 
follows from the pro-algebraic analogue of Theorem 3.53, Nevertheless, since we have constructed 
the homomorphism v we may just as well use it. Let j : TK ^ £ C TE be the natural m ap in duced 
by the inclusion K C E. The analytic quasi- freeness of £ and the Uniqueness Theorem 3.2E imply 
that X{j) : X{TK) — > -'^(£) is a homotopy equivalence. We make this argument more explicit. 

Let f : £ — > K be the natural projection with kernel £ n J7E. It induces a bounded homomor- 
phism Tf : T£ -^ TK. The composition Tf ov: £ ^ TK is a section for j, that is, Tf ovo j = id 
on TK. It sufhces to verify this on cr(K), where it is trivial. Hence the bounded chain map 

/ ~ X{Tt) oX{v)og: X{T£ : TQ) ^ X{Z) ^ X{TZ) ^ X(TK) 

is a section for ip o X[j) ~ g. This is the map we take for / in Theorem [O] . 

Let T£ : T£ — > £ be the natural projection annihilating J£,. The homomorphisms j of and r£ 
are smoothly homotopic. To construct a homotopy H: T£ -^ C°°([0,1];£) between them, it 
suffices to construct a lanilcur iJ: £ — > C°°([0, 1]; £) with evo o H — j o Tf and evi o H = r^. 
There are many possibilities for H , we use the following not so obvious definition. 

We define a grading on TE D £ by #x = n iff x € J1^"E. That is, elements of 17^" E are 
homogeneous of degree n. We define H{1) :— t^^ ®l ^ C°°([0, 1]) ® £ for all homogeneous I e £. 
This extends to a bounded linear map H : £ ^ C°°([0, 1]; £). Since f o H = C°°([0, 1];-?) is a 
homomorphism, the curvature of H has values in C°°([0, 1]; £n i/E). Thus iJ is a lanilcur and can 
be extended to a bounded homomorphism H : TZ -^ C°°([0, 1]; £). We have 

H{Dli Dh) = H{li h) - H{li) H{l2) = H{li ■ h) - H{dlidh) - H{li) Hih) 

= t*''+*'Hi ■ h - t*''+*''+^dlidh - t*'Hi t*'H2 = t#'i+#'^(l - t)dlidh 

and hence H{{lo) Dh . . . Dhn) = t#<'°>+-+#'2"(l - ty'{lo)dli . . . dhn- We define a bigrading on 
TTE D T£ as follows. The internal degree ^i and the external degree #e are defined by 

#i{{xo) Dxi .. . Dx2n) := ^#a;j, #e{{xo) Dxi .. . Dx2n) := n. 

j=o 

The total degree #t is defined by #* := ^e+i^i- If we let H({xo) Dxi . . . Dx2n) '■= {xQ)dxi . . . dx2m 
then we can write 



\#.x-, 



H{X) = t=^''^{l-t)*''''H{X) VXeT£. 



(4.2) 



If X e T£ is homogeneous with #tX = n, then evtoH{X) is homogeneous of degree ^Ht{X) = n 
for all t e [0, 1]. We abbreviate this as #i?(X) = #tX. Similarly, #Tf (X) = #tX. 

We collect the homomorphisms obtained so far in the following commutative diagram: 



TK> ^ TK>- 




H 



■C°°([0, !];£) 

CVi 



(4.3) 



80 



CHAPTER 4. PERIODIC CYCLIC COHOMOLOGY 



The algebra T£, is quasi-free in a natural way. Since the homomorphisnis j o Tt and T£ 
are smoothly homotopic, the honiotopy invariance of the X-complex [3.38| implies that there is a 
bounded linear map /i2 : X{TZ) -^ X{£,) of degree 1 such that X{j o Tf) = X{ts,) - [d, /i2]. The 
map /i2 is constructed explicitly during the proof of Proposition 3.3§| in Appendix |A.4 Another 
ingredient of the construction is a graded right connection on 17^ (T£) encoding the quasi- freeness 
of T£. We use the standard connection V: ^^{T£) -^ n'^{T£,) defined by 

V{{Xo)6{h){X2)) := -{Xo)5hS{X2) V(Xo), {X2) e {T£)+, h e £• 

This well-defines V on Vl^{rZ) because 9}{T2,) ^ (r£)+ ® £® (r£)+. It is easy to verify that V 
satisfies ( A. 21 ) and thus is a graded right connection. Let H be the derivative of H and define 
7]-. ni{T2) ^f7J-i£by 

vi{Xo)dXi . . . 5Xj) := / Ht{Xo) Ht{Xi) DHtiX^) . . . DHt{Xj) dt. 
Jo 

Here 5 : il{T £,) -^ J7(T£) and D : il£ -^ 57£ denote the standard derivations. Copying the formulas 
in Appendix |A.4| , we put /12 := -77 o V o 5 on fi"(T£) and h2 := rj o {id - b o V) on fi^(T£). This 
map /i2 descends to a map ft,2 : X{T£) -^ X{£) satisfying [d, /i2] = X{t£,) — X{j o Tf). 
Finally, we define 

h := hi + ip o h2 o X(v) o g 

and compute 

go f = 1^0 X{j) o X{Tf) o X{v) 05 = ^0 (X(t£) - [d, /12]) o X{v) o g 

— ip o (X{t£ o v) ~ [d, /i2 o A^(^^)]) ° .9 == V' ° 3 ~ [d,ip ° ^2 o X{v) o g] 

= id — [9, ft,i -I- f/; o /i2 o X{v) o g] — id — [d, h]. 



Thus h has the required property for Theorem 4J . 

We have to estimate how / and h shift the Hodge filtration. The only problematic ingredients 
are the maps X{v) and g. The dimension shift mainly occurs in v. We will see that it divides 
degrees by 3, roughly speaking. The map g only looses finite ly many degrees. That follows from 
the way g is constructed: The isomorphisms in Section 3.3.3| loose only finitely many d's and g is 
constructed from them in finitely many steps. Thus g can loose at most finitely many d's. 

To estimate the behavior of v, we need the modified external degree #g defined by 

#g(a;o Dxi . . . Dx2n) := Sn, 4f^'^{Dxi . . . Dx2n) := 3n - 2 

and the modified total degree #J := #g -t- #i. The total degrees #t and #J are related by a factor 
of 3. More precisely, we have the inequalities 

#t<#;<3#e + #. <3#,. 

We will see that #'tv{l) > #L That is, if I is homogeneous of degree n, then v{l) is a sum of 
homogeneous terms of degrees #J > n. We need a slightly more general assertion in order to 
explore some cancellation. This will be facilitated if we extend the action > to 3 ® (TTE)+ D T£. 
The latter space is equal to 3 (ZJTE)''™" © D'3{DT£)°'^'^ . 

The definition of the action i> in ( 3.46| ) and (3.47) uses the map a: £ ^ £Z3£ defined by 
a(g © {x)) = gD{x) if g £ G and {x) S £+. This formula still makes sense for {x) G {'?"£)+ and 
defines a : U ^ G DTE. C 3 DTE. because 3 ~ G © (TE)+ by (3.35). Using this extension of a, we 
define >: E x (J ® {TTE.)+) -^3® {TTE)+ by the same formul as (^ 46D and ( pA7\) . 



The curvature of this extended action still satisfies ( ^48] ) and ( |3.49D . And >{x) e B{3@iTTE)' 
is a right TTE-module homomorphism for all x e TE. The proof carries over without change. 
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Lemma 4.10. We have #t(a; t> X) > jfx + ^[{X) for all homogeneous x S (7'E)+ and X £ 
3 @ (TTE)+. Consequently, ^[v{x) > ^x for all x E £,. 

Proof. We may assume that X is a homogeneous monomial and that a; G E U dEdE. More general 
monomials (eo)(iei . . . de2n can be treated by induction on n. Thus we have to verify #J(e > X) > 
#j(X) for all e G E and #^u;|>(ei, 62) (X ) > # ^ X + 1 for all 61,62 G E. These assertions follow easily 
by inspecting the summands in ( 3.46| ), ( |3.47 ), ( 3.48 ) and ( 3.49 ) and estimating their degrees. The 



crucial observation is that the map a: 3 ^ 3 DTE may decrease the internal degree by at most 1. 
That is, a{x) is a linear combination of homogeneous monomials xq Dxi with #a;o + #Xi > fl=x — 1 



for all x £ 3. This follows from the construction of /jR^ in the proof of Lemma 3.52. 

To conclude that ^'^v{x) > #a; for all a; G £, it sTImces to consider the case x G dEdE. This 
implies the assertion for monomials of higher degree: 

#tu((6o)d6i . . . de2n-idk2n) = #t((6o)d6i .. . de2n-2 > v{de2n-idk2n)) >n- 1 + #[v{de2n-ldk2n)- 

It is easy to compute v{dsqidk2) = dsqidk2 and v{dkidk2) — dkidk2 + Dki Dk2. These terms have 
modified total degree at least 1. D 



It is now straightforward to prove a "poor man's version" of Theorem 4.1 asserting only that / 
maps F3„_|_const(E : Q) into F„(K) and h maps i^3„+const(E : Q) into F„(K) for some constant const. 
The factor 3 occurs when the degrees #t and #j on Ti2 are compared. The additional constant 
accommodates the degree shift in g and the map /12. 

We use the following linear subspaces of n^{£,) to describe the image g(^Fn{TE : TQ)) C X{£,). 

Vp,, := I5{(?o) Dh I #lo > P, #^1 > q}; 

Vpg := li^Kxo) (kisqa) Dli - {xq) ki D{sq2 h) \ #{xq) > p, #Zi > q}; 
y°^ :=Im{/o£'((a;i)0(k2sq3)) - sqa ^o £'((a;i) k2) | #/o > P, #{xi) >q}; 
y'°g := I5{ (.To) (kisq2) i:'((a;3) (k4sq5)) - (xq) ki D(sq2 (0:3) (k4sq5)) 
- sqs (to) (kisq2) D{(x3) k4) + sqs (xq) ki £i(sq2 (2:3) k4) 
\#{xo)>P, #{xi)>q]. 

We have Vj,°, C Vj,_^ C Vp,„ Vj,°, C V° , C Vp,„ and V^;^ C V^V^, if p > p' and q>q'. 
Lemma 4.11. We have g{3 n J^E") C £ n JE"-i and 

g(F°r (E : Q)) C 5] Vp., + Y. Vk.+ E V°,,+ E V;°, + V„_i,omod[,]; 

p-f-g— n p+q— n— 1 p+q— n — 1 p+q— n — 2 

5(F°„d^(E:Q))c 5: Vp,,+ ^ V),,, + Y. K., 

p-\-q—n p-^q—n — 1 p-\-q—n — l 

+ E V^°g + V„_i,o + Vo,„_imod[,]. 

p+q— n — 2 

Proof We have the following easy recipe to compute g. If y G Xo{TE : TQ) = 3, we subtract 
from y an element of Cq = [£, sl(TQ)] such that the result is in £,. If y G 51^ (TE : TQ), we 
subtract from y elements of C^ = ZDslITQ) and b{n'^{TE : TQ)) until the result is in £+ D£,. 
On the even part Xq{TE : TQ) = 3, we have 

9(1 SL{q)) = 5([^, SL(g)] + SL{q) 0= Si (9) ^- 
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This suffices to determine the even part oi g by ( 3.36| ). We decompose the odd part Xi{TE : TQ) 
into the direct sum 3 Ds{Q) © ('?'£)+ DK. The summand (TE)+ DK is easy to handle. We have 

giilo) SL{qi) Dk) - g{{lo) D{sL{qi) k)) - g{{lo) {DsL{qi))k) = (/q) DisL{qi) k). (4.4) 



The isomorphism ( ^.33 ) shows that this determines g on (TE)+_DK. The summand 3 Ds{Q) 
requires two steps. As above, we have g[lo © SL{qi) Ds{q)) — g(^lo D{sL{qi) sq))- Bringing 
Shiqi) sq into standard form, we get terms in Si(TQ) and terms in 3 involving the curvature 



of s. Since g vanishes on 2Dsl{TQ), the summands in Si(TQ) do not contribute. We apply /ij.ae 
to each curvature term to get an element of £ © sl(TQ)+. Then 

g{lo D{h SL{q2))) = SL{q2) lo Dh. 



This procedure determines g on 3 Ds{Q) because of (3. 36). 

Thus to obtain g, we have to apply the isomorphism iJh^4 at most once on 3 and twice on 
Xi{TE : TQ). Application of /4 gJ either leaves the internal degree unchanged or looses one 
internal degree. In the latter case, we split a monomial u!odkidsq2 0J3 into ujq (kisq2) © tJa — 
(wo ki) (sq2 UJ3), producing the kind of expression that occurs in the definition of V^'^. 

The assertion of the lemma follows in a straightforward way. To prove the assertion about 
i{E : Q), we also have to consider expressions of the form lj D{d&ide.2) with either lj ^ 3 01 
deide2 G 3 (Lemma A. 17). The details are rather boring and therefore omitted. D 



podd 



Claim 4.12. The even part of f maps 3 n JE^^^i into JK'\ 

Proof. The even part of g maps 3 n J7E'^"^^ to £ n^/E ^""^ by Lemma 4.11 . This space is mapped 
by u to Im {X G r£ I #JA: > 3n - 2} by Lemma [4.10i Since 3#t > #tX and #t is integer valued, 
we get only terms with #t > n. These are mapped by Tt into J^K" because #Tf(Ar) = #tX. D 



Claim 4.13. The odd part of X{Tf) o X{v) maps Vp q with p > Sp' — 2 and q > 3q' — 2 into 

Proof We get as above that X{Tf o v) maps (^0) Dli with #(^0) > 3p' — 2 and #/i > 3^7' — 2 to 
Ii^{(2/o) Dm e n\TK) I #(yo) > P', #2/1 > q'} mod [,]. 



(We first take the completant linear hull, then map to the commutator quotient. 
in ^2(t'+q')-i(^) ^y Lemma |aT7. 



This is contained 
D 



The previous claim applies in particular to Vp_g with p + g > 3n — 2. Hence the two claims 
above combined with Lemma 4.11 show that / maps F6„__i(E : Q) into F2„_i(E : Q). Recall that 
y'p'g C \/p,q for ••• = i,o, io. When computing /(F6„+2(E : Q)), we can replace the even part 
by 3 n J'E^"+'^ because of Lemma A. 16 and because / is a chain map. Claim 4.12 shows that 
/(3n JE3"+2) c JK"+i C F|™"(K) as desired. 

The odd part of -F6n+2(E : Q) requires more attention. We can leave out all summands V„' 
with p > 3 p' - 2, q > 3q' - 2 and p' + q' > n 
Claim 4.13. This leaves the summands V' , ,/ ,s, V° , ,, ,., V. 
V3n,o in Lemma 4.11 to be considered. 

The summand \/3n,o is mapped into lin{(yo) Dyi \ #(yo) > n} mod [, ] C -F2n(K) and therefore 
unproblematic. The remaining summands are more tricky. First of all, they are all contained 
in V3p'_2,3(n-p')-i- ^^ {lo) Dli G V3p/_2,3(n-p')-i' then v{lo)dv{li) can be written as a sum of 
homogeneous monomials (Aro)<5A'i satisfying ^[{Xq) > 'ip' — 2 and #tA^i > 3(n — p') — 1. Hence 
#t{Xo) > p' and either #tXi > n+l-p' or j^eXx = n-p' and #iXi = because 3#e + #.j > #i. 



1 because these are mapped into -F2n+ 



V" 



Sp' — l,3(n— p') ' 3p'',3(n— p') — 1 



°<i^(K) by 
and 
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We need an explicit formula for the image of {Xo)5Xi mod [, ] in ri°'^'^£ due to Cuntz and 
Quillen [Ol Lemma 5.3]: 

fc-l 2fe-l 

{Xo) 5Xi mod [, ] = - ^ k'^'6((^o) ® Xi) + ^ n'D{{Xo) Xi) + k^''{{Xo) DXi) (4.5) 

J=0 j=0 

for all Xi e il^*''£, (^o) G (^-2)^. The operators b and k are the usual operators on ri£. 

If ^t{No) + #t^i > JT-, then the summands in ( |4.5| ) containing D are harmless: They are 
mapped by f7an(r) to JK" dK C F^^'^{K). If even #t(Xo) + #tXi > n + 1, then the first sum 
involving b is harmless as well. We only get problems if #t(Xo) = p' and #e^i = n—p', #iXi = 0. 
Therefore, we can replace X{v){{lo) Dli) by 

n— p' — 1 n—p —1 

The map {h) Dh ^ {lo)Qh maps Vj^^, 3(„_p,) + V^^, 3(„_^,) + V!;;,_, g^^^^,, + Vi,°p, 3(„_^,)_, into 
£ n J^E3"+i + W3„ with 

\Nk :=Im{(a;)0(ksq)-sq0(a;)0k| #{x) >k}. 

Thus it remains to consider b o u(W3„ + £ n J'E''"+^). 

Claim 4.14. T/ie homomorphism v maps \N^n + £ n J'E'^"+^ into 

V^{X(^TTE\#tX>n + l} + b{V^{{X)Ds{o,) | #.X - 0, #eX = n}). 



Proof. The terms in £ni7E"+^ are treated by Lemma 4.10| and the estimate 3#t > #4. To handle 



the summand W3„ we need the extension of > to 3 ® (TTE) 

Pick a generator I :— (x) (ksq) — sq (x) k of W3„ with (x) > 3n. We compute 

v{l) ~ (x) > (ksq) - sq t> (x) > k = (x) > (rfkdsq + Z3k Dsq + k ® sq) - sq > (x) o k 

= (x) t> (dkdsq + DkDsq) + ((x) > k) ® sq — sq > (x) > k 
= (x) > {dkdsq + DkDsq) - D{{x) > k) Dsq - b{{{x) > k) Dsq) + sq ({x) t> k) - sqi>((a::) C>k). 



Lemma 4.10 implies that {x) > (rfkdsq + DkDsq) and D{{x) t> k) Dsq have total degree > n + 1. 
Hence the first two summands above are of the required form. 

Write {x) > k as a sum of homogeneous monomials ^ Xj. Since #J((a;) > k) > #(a;) > 3ri, we 
have H^tXj > n+ 1 or 4/^eNj = n and ^j Xj — 0. If iftNj > n+1, then b(Xj Dsq) has total degree 



> n + 1. The second summand in Claim 4.14 is there to accommodate b{Xj Dsq) with ^eXj ~ n 
and #iXj = 0. 

We even have #tXj > n + 2 or 4j=eXj > n + I ov Xj = Ij DX'j with #eDXj = n. These 
estimates are needed to handle sq ((a;) > k) — sq > {{x) >k). The first two cases are harmless 
because i>(sq) decreases total degrees #t by at most 1 and does not decrease the external degree. 
That is, i^tXj > n + 2 implies ^tsqQXj > n+1 and ^tS(]>Xj > n+1, and #e ^7 > n+1 implies 



#tsq > Xj > #e5q > Xj > n + 1 and #tsq Xj > n + 1. The definition of > in ( |3.46 ) implies 

sq Ij DX'j - sq > Ij DX'^ = Da{sq Ij) DX'j. 
This tackles the third case because #eDa(sq Ij) DX'^ > #eDXj + 1 > n + 1. D 
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Claim |3j implies that 6ot;(W3„+£n JE3"+1) is contained in lin{(Xo)i5Zi | #t(Xo) + #/i > n} 
because bob = 0. Hence X{Tt) maps b o v{\N3n + JE"-+^ D £) into F^^'^{K) as desired. This 
completes the proof that /(F3„-|.2(E : Q)) C -F„(K) for all n E Z+. 

It remains to consider the operator h. The part hi is easy: 

Claim 4.15. We have hi{n^''{E : Q)) C il^^^'^^E : Q). 
Proof. We have 

hi{uj ■ {deidk2)dsc\3 . . .dsq2„) — oj ■ {deidk2) D{dsc\3 . . .dsq2„) mod [, ]. 



Rewriting D{- ■ ■ ) according to (A. 42), we only get terms with at least 2?i — 1 d's. Moreover, 



hi{LU ■ {dkidsq2)dsq3 . . . dsq2n) = oJ Q (kisq2) D{dsq3 . . . ds(\2n) - cj ki £)(sq2dsq3 ■ • ■ ds(\2n) 
= w (kisq2 - ki sq2) D{dsq3, . . . dsq2n) - w ki (£>sq2) dsqs ■ • • rfsq2,i mod [, ] 

= uj ■ (dkidsq2) D{dsqy, . . . dsq2n) — dsqy, . . . dsq2n w ki Z3sq2 mod [, ]. 



Both summands on the right hand side are in il--^" ^(E : Q) by ( A.42| ). D 



The part ip o h2 o X(v) o g is quite complicated to handle. In a couple of places, we need some 
trick to conclude that the worst possible terms drop out or are at least in the range of b. What 
happens here is essentially the following. Homotopy invariance does not hold in cyclic cohomology 
but it holds after stabilizing once with the ^-operator. Thus we expect ijj o h2 to loose at most one 
filtration level (if we cared to define a Hodge filtration on X{T£,)). This is indeed the case, but at 
first sight it may appear that ip o h2 looses two filtration levels. Therefore, we will only sketch the 
ideas and tricks necessary and leave the detailed computations to the interested reader. 

The restriction of /12 to odd degrees is most easy to write down. The connection V satisfies 
\7{{Xo)6h) = for all k £ £• Hence /i2((^o)^'i) = vi{Xa}Sh) = J^ Ht(Xa} Htih) dt. Here H 
denotes the derivative of H . Since both H and H are homogeneous with respect to#t and 7^, it 
follows that V o /i2 maps {Xo)5li into -F2«-'i(E : Q) if #t(^o) + #Zi > n. Using Q, it follows 
that terms of the form {Xq)5Xi with #t(Xo) + #tXi > 77, + 1 are also mapped to F2«-'i(E : Q)- 

In addition, if #li = 0, then h2{{Xo)Sli) = because H is constant on K. Hence terms of the 
form {Xo)SXi with #t(Xo) + #tXi > n and #iXi = are mapped hy tp o h2 into F2„_i(E : Q). 
This is sufficient to show that ^ o h2 o X{v) maps most of the summands in g(F^^^2^(E : Q)) 
occurring in Lemma 4.11 into F|^™ (E : Q). The only problematic summands are V!?, 3(„_„/)_2- 



They can be handled using the following symmetry: 
Claim 4.16. V^°^ C \/o,p+q+i + V^°j, mod [,]. 
Proof. Up to commutators, we have 

lo D{{xi) (kisqi)) - sqi Iq D({xi) ki) 

= D{{xi) (kisqi)) ^0 - D{{xi) ki) sqi Iq 
= D{{xi) dkidsqi Iq) - {xi) (kisqi)D/o + (a;i) ki) D{sqi ^q). 

Thus V°^ C Vo,p+g+i + V^p + [, ]• A similar computation proves the claim. D 

Thus we can replace '^^3p'^3(^ri-p')-2 ^V ^^n~p')~2,?,p' + Vo,3«-i- It follows that '\jjoh20 X{v)o g 
maps i^6°dd^(E : Q) into F|™"i(E : Q). 
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Let b: f^an-C -^ ^anS. bc the Hochschild boundary. We have 

rj o b{{X) Dh Dh) = f [Ht{l2),Ht{X)QHt{h)] 
Jo 

+ HtiDh DX) Htih) + Ht{DX Dh) Htih) - Ht{X) Ht{Dh Dh) dt. (4.6) 

Thus the terms of lowest degree m ?/; o 77 o b{{X) Dh Dh) are fe-boundaries. It foUows that all 
terms {Xo) SXi with #f (Xq) + #tXi > n + 1 are mapped hy 4' ° h2 into F|™"(E : Q). Using also 



Claim [4.14 we obtain that ^oh2oX{v)og maps F6°^+2(E : Q) into F|™"(E : Q). 

The formula for /12 on the even part is slightly more complicated because it involves the map 
VoD:T£,—^ (T£)+0£0(T£)+. This map is described by ( |A.42D . We have to compose VoD with 



the map (Xq) 0Ii (-^^2) '-^ il{{^o)^l'iS{X2)). Finally, we have to bring the result in f7^(T£) into 
standard form by (4.5). Going through this computation, we find that ip o h2{X) e F2n'^i{E : Q) 



if #tX > n + 1. If #eX = n, #iX = 0, then some terms drop out because iJJK = 0, so that still 
^ o h2{X) G F^^^j^(E : Q). Using Lemma 4.10 and Lemma 4.11, we conclude that ■0° ^2 o X{v) o g 



maps ^^^"^(E : Q) into F°;^\iE : Q). 

It is more difficult to show that ipoh2oX{v)og maps -F|n™2(E : Q) to F2°™"(E : Q). It can 
be shown as above that ip o h2{X) e F^^'^{E : Q) if #tX > n + 2 or #eX > n + 1 or (#e^ > n 
and i^iX > 1). In the first two cases, X is even mapped into F^^^]^(E : Q). This suffices to handle 
3 n JE3"+2 c F6°,™"2(E : Q)- The remaining summand ai(rj6"+3(E : Q)) has to be considered 
this time because /12 is not a chain map. If x £ 9i(J7^""'''^(E : Q)), then we split X{v) o g[x) 
into homogeneous components Xj. By Lemma ^.10| , we have #tXj > n + 2 or #eXj = n + 1 or 
#eXj = n and 4f^iX.j G {0, 1}. The only problematic possibility is i^e^j — n and H^iXj — 0. These 
terms may yield a contribution to ij) ° h2{x) in 6(J7'^"(E : Q)). However, since f{x) G F2n^^{^)^ 
these lowest order components Xj must be in &(5l2"+^K) up to terms of higher degree. This implies 
that the possible contribution in 6(J72"(E : Q)) cancels. 

This proves the first half of Theorem [4.1[ We do not prove the assertion in Theorem 4.1 about 



split extensions. Suffice it to indicate how to modify the grading #j to improve the estimates 
about V. In the split case, the map sl is multiplicative. Hence s(Q) G C G is contained in the 
kernel of a. Thus some of the worst terms in the formulas for > and ld^ vanish. We define another 
modified total degree by #J' := 2#e + #j - e, where e{hDX) = 0, e(Dg DX) = 1 if 5 e G, and 
e{Dh DX) = 2 ii h = dei . . . de2„(e2„+i) and not h £ G. It is easy to verify that #'/(e>X) > #"X 
and #"(w|>(ei, e2)(X)) > #"X + 1. We use that if t> or cu^ produces terms of the form Dh DX, 
then automatically Zi G G. Since the external degree only occurs with a factor of 2, we get an 
overall factor of 2 instead of 3. The remaining estimations are quite similar to those above. 

4.4 Frechet algebras and fine algebras 

Let ijine be the functor from the category of vector spaces to the category of complete bornolog- 
ical vector spaces that endows a vector space with the fine homology. Then ^mc{V) 5^ine(W^) 
is naturally isomorphic to S'ine(F W) with V ® W the algebraic tensor product. Thus fl^ A 
is the usual uncompleted space of differential forms if A is a fine algebra. Furthermore, the 
functor S^ine is fully faithful. It follows that for algebras A and B without additional structure, 
HP*(5'ine(yl);g^ine(i?)) — HP*(A;i?). That is, the "bornological" bivariant periodic cyclic coho- 
mology of fine algebras is the usual theory for algebras without additional structure. The same 
applies to cyclic (co)homology and Hochschild (co)homology. 

Let Comp be the functor from the category of Frechet spaces (with continuous linear maps 
as morphisms) to the category of complete bornological vector spaces that endows a Frechet 
space with the precompact homology. The bornological tensor product C!omp(U) C!oTnp(W^) 
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is naturally isomorphic to £omp(y ®^ W) with V §)t: W the projective tensor product by The- 
orem 2.29|. Moreover, the functor £omp is fully faithful. It follows that for Frechet algebras A 



and B, RP* {€omp{A);€omp{B)) = HPjop(A;S). That is, the "bornological" periodic cyclic co- 
homology of Frechet algebras endowed with the precompact homology is the usual topological 
bivariant periodic cyclic cohomology. The same applies to cyclic (co)homology and Hochschild 
(co) homology. 

Another special case that deserves attention is the following. Let F be a separated smooth 
groupoid. Let C^(F) be the algebra of smooth compactly supported functions on F with convolu- 
tion as multiplication and the topology of locally uniform convergence. The convoluti on product 



is not jointly continuous unless F is compact or discrete and countable (see Example |2.7| ) . Thus 
C^(F) usually is not a topological algebra. However, the convolution is obviously separately con- 
tinuous. Hence CJ?°(F) is a complete bornological algebra when endowed with the precompact 
homology (which equals the bounded homology in this case). The bornological tensor products 



C^(F)®" are naturally isomorphic to C^(F") with the precompact homology by Example 2.31 . 

This is the completed tensor product used by J.-L. Brylinski and Victor Nistor in g] for smooth 
etale groupoids. Hence they compute the bornological cyclic and Hochschild homology of CJ?°(F). 
The results they obtain are related to the cohomology (in the sense of algebraic topology) of 
suitable classifying spaces. 

However, neither the purely algebraic theory nor the topological theory are satisfactory. The 
topological theory does not apply at all because the multiplication is not jointly continuous and 
thus the differential b is not continuous with respect to the projective tensor product topology. 
The purely algebraic theory is applicable but apparently not easy to compute. Already the case of 
the algebra C°°([0, 1]) appears to be intractable. The algebra C°°([0, 1]) is the smooth convolution 
algebra of the manifold [0, 1] viewed as an etale groupoid. The problem is that C°°([0, 1]) with the 
fine homology is no longer smoothly homotopy equivalent to C. 

Unfortunately, the computations in 0] give no information about the cyclic cohomology of 
C^(F) and about bivariant groups. The problem is that in |^, the authors complete C^(F)®" to 
C^(F") and after that work purely algebraically. For the homology of a complex, the homology 
does not matter. It matters, however, for the cohomology. It is not obvious how to rearrange 
the computations in |q| so as to respect the homologies on the complexes. Already the very first 
step, reduction to loops, does not work because the contractible complex that is used in Q is not 
contractible in a bounded way, its closure being no longer contractible. It is quite plausible that a 
different argument can be used to relate the bornological cyclic cohomology to suitable homology 
groups of classifying spaces. 

Since bornological algebras contain both fine algebras and Frechet algebras as special cases, they 
make it easier to study the interplay between an algebra and dense subalgebras. For example, we 
can compare the algebras C°°(S'^) of smooth functions on the circle and its dense, fine subalgebra 
C[u,M~"'^] of Laurent polynomials and assert that they are HP-equivalent. That is, the class of 
the inclusion homomorphism is an invertible element in HP''(C[m, u~^]; C°°(S'^)). It occurs quite 
frequently in examples that a (suitably small) Frechet algebra has the same cyclic cohomology as 
a suitable fine, finitely presented, dense subalgebra. 



Appendix A 



A.l Bornologies and inductive systems 

A. 1.1 Functorial constructions with bornological vector spaces 



As announced in Section 2.2, we give here the definitions of direct products, direct sums, projective 
limits, and inductive hmits. See |Q for more details. 

Let (Vi)ig/ be a projective system of bornological vector spaces. The projective limit of (\/i)ii=i 
is constructed as follows. As a vector space, lim(Vi)ig/ is equal to the ordinary projective limit 

in the category of vector spaces. There are natural maps tt^ : lim (Vi)ig/ —f V^ for all i G /. The 
homology on lim (Vi)ig/ is taken to be the coarsest homology making all maps tt^ bounded. That 
is, S C lim (Vi)ig/ is small iff TTi{S) C V^ is small for all i ^ I. If all the spaces V^ are separated 
or complete, so is lim (Vi)ig/. The direct product Yiiei ^i of a set of bornological vector spaces is 
constructed similarly: Endow the vector space direct product with the coarsest homology making 
all coordinate projections bounded. 

Example A.l. The functors SounD and Comp from locally convex topological vector spaces to 
convex bornological vector spaces are compatible with projective limits and direct products. That 
is, if {Vi)i^i is a projective system of topological vector spaces, then limVi = lim (T^i, Souni)) = 

lim (Vi, Comp) as vector spaces; a subset of limT^i is bounded or precompact iff it is small in 

lim(Vi,*Bounc)) or hm (V^, Comp), respectively. 

The separated quotient sep(V) of a complete bornological vector space V is the quotient of V 
by the closure of {0}. It is always separated. It is characterized by the universal property that any 
map V — > W with separated range W factors uniquely through sep(V). 

Let (Vi)ig/ be an inductive system of bornological vector spaces. The inductive limit of (\/i)i^i 
is constructed as follows. As a vector space, lim (Vi)ig/ is equal to the ordinary inductive limit 

in the category of vector spaces. There are natural maps ti : V^ -^ lim(Vi)ig/ for all i <E I. The 

homology on lim (Vj)jg/ is taken to be the finest homology making all maps ti bounded. That is, 

S C lim {\/i)iei is small iff there are i G /, T e 6(Vj) such that S C ii{T). 

The direct sum X^ie/ ^i o^ ^ ^^^ '^^ bornological vector spaces is constructed similarly: Endow 
the vector space direct sum with the finest homology making all coordinate injections bounded. 
The direct sum is complete (separated) iff all summands V^ are complete (separated) . 

The inductive limit need not be separated even if all V.; are separated. However, if the structure 
maps Vj — > \/j of the inductive system are all injective, then lim (\/i)i^i is separated. An inductive 

system is injective iff all the structure maps are injective. This notion is not invariant under 
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equivalence of inductive systems. That is, if {\/i)iei is an injective inductive system and isomorphic 
to (Wj)jgj, then the structure maps in (Wj)jgj need not be injective. Therefore, we call an 
inductive system essentially injective iff it is equivalent to an injective inductive system. 

To obtain inductive limits in the category of separated convex bornological vector spaces, we 
combine the functors lim and sep. We call sep(lim (Vi)ig/) the separated inductive limit of (Vi)^^/. 

It has the right universal property for an inductive limit in the category of separated bornological 
vector spaces. We also write lim for this separated inductive limit if it is clear that the separated 

inductive limit is intended. If all V^ are complete, so is the separated inductive limit. 

We write S„(Vi, . . . , V„; W) for the vector space of bounded n-linear maps Vi x . . . V„ ^ W, 
endowed with the equibounded homology. The following proposition formulates a strengthening 
of the universal property of inductive limits. The proof is elementary. 

Proposition A. 2. Let {\/i)i£i be an inductive system of convex bornological vector spaces and 
let \N be a convex bornological vector space. There is a natural bornological isomorphism 

B(lim(V,).e/;W) ^lim S(V,;W). (A.l) 

— ► '■ — iei 

More generally, if (\/j)i(zi. , j — I, . . . ,n, are inductive systems of convex bornological vector spaces, 
then there is a natural bornological isomorphism 

S„(lim(V,iJ,,e,,,...,lim(Vrj.„e7„;W) -hm S„(Vr,, . . . , V^J W). (A.2) 

— > — > '■ — ne/i,...,i„e/„ 

The inductive limits above are non- separated. If we assume that all \/j and all W are separated 
convex bornological vector spaces, then analogous statements hold for the separated inductive limit. 

In particular, an inductive limit of a family of bornological algebras is again a bornological 
algebra. That is, the natural multiplication is bounded. This usually fails for topological algebras. 

Example A. 3. Let V be an LF-space. That is, V — \jVn for an increasing sequence of Frechet 
subspaces 14, and the topology on V is the finest one that makes the inclusions Vn -^ V continuous. 
A bounded subspace 5' of T^ is already contained in Vn for some n G N. Of course, if S is bounded 
or precompact in V, then it is bounded or precompact as a subset of Vn, respectively. Thus 
{V, QSouni)) ^ lim (F„, SounO) and {V, Comp) ^ lim (K, Comp). 

A. 1.2 Bornological vector spaces and inductive systems 

Recall that Gd"^) denotes the directed set of all completant small disks in V. If ^i C 5*2, there 
is a canonical inclusion \/si ^ Vg^. Thus {'^s)s£6ai\/) ^^ ^^ injective inductive system of Banach 
spaces. The map V i—>- {ys)se6c(y) can be extended to a functor from the category of complete 
bornological vector spaces to the category of inductive systems of Banach spaces. If Z : V — » W 
is a bounded map, then 1{S) G Sc(W) for all S G Qd"^) and / restricts to a bounded map 
Is'-^s ^ VV;(5). These maps piece together to a morphism of inductive systems from (Vg) to 
(Wt). We call this functor the dissection functor Dis. 

Let V and W be inductive systems of Banach spaces. We write Mor(y; W) for the space of 
morphisms of inductive systems V — ^ W. If V^ = (Vi)ig/ and W = {Wj)j(zj, then 

MoT{V;W)=liin lim B(yf,Wj). (A.3) 

< — iei — 'jeJ 

Here the limits are taken in the category of (bornological) vector spaces and are non- separated. 



By (A.3), we have a natural homology on the space Mot{V; W). 

The inductive limit functor lim associates to an inductive system of Banach spaces the corre- 
sponding separated inductive limit in the category of complete bornological vector spaces. 
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Theorem A. 4. The functors lim and Dis are adjoint, that is, 

i3(lim(yO«e/;W)=lim lim S(F,; Ws) = Mor((F,),e/; 5is W) (A.4) 

— > * — lei — 'Seec(vj) 

if (yi)i£i is an inductive system of Banach spaces and\N is a complete bomological vector space. 
The composition lim o Ois is equivalent to the identity. That is, there is a natural isomorphism 

V ^ lim Vs (A.5) 

— ►seSc(v) 

for all complete bomological vector spaces V. We have a natural bomological isomorphism 

B{y; W) = lim lim S(Vs; Wt) = Mor(t)is V; t)is W) (A.6) 

< — seSc(v) — ►Teec(w) 

/or all complete bomological vector spaces V, W. In particular, the functor t)is is fully faithful. 

More generally, if Vi,...,V„,W are complete bomological vector spaces, we have a natural 
bomological isomorphism 

S„(Vi,...,V„;W)-lim lim 6„((Vi)s,, . . . , (V„)s„; Wt). (A.7) 

'■ — Sjeec(Vj) — >TeSe(w) 

Let {Vi)i,=i be an injective inductive system of Banach spaces. Then Ois o lim {Vi)i£i is naturally 
isomorphic to (Vi)ig/. Hence the inductive limit functor induces a bomological isomorphism 

Mot{W; V) ^ B{lim W; lim V) (A.8) 

if W and V are inductive systems and V is essentially injective. 

The functor dis is an equivalence between the category of complete bomological vector spaces 
and the category of injective inductive systems of Banach spaces. 

These assertions remain true if we replace complete bomological vector spaces, &c^), separated 
inductive limits, and Banach spaces by convex bomological vector spaces, 6d(V), non-separated 
inductive limits, and semi-normed spaces, respectively; or by separated convex bomological vector 
spaces, &diy), separated inductive limits, and normed spaces, respectively. 



Proof. Since the Vi in (A.4) are Banach spaces, we have bomological isomorphisms 



B[Vi:W) = \iui B{V,;\Ns) ^iel. 

— »seee(w) 



This follows directly from the definitions of bounded linear maps. Equation (A.4) follows if we 



plug this into the universal property of inductive limits (A.l). 

Let V be a complete bomological vector space. The universal property of the inductive limit 
gives rise to a natural bounded linear map limVs — > V extending the natural inclusions V5 C V. 

The concrete construction of inductive limits shows that this map is a bomological isomorphism. 



If we apply (A.4) to OisV and W, w e ge t (A.6). Thus the functor ^is is fully faithful. Equa- 



tion (A.7) can be proved similarly. By (A. 2), we can reduce to the case where Vi, . . . , V„ are all 
primitive spaces. If Vi, . . . ,V„ are primitive, the definition of an equibounded family of n-linear 
maps implies immediately that 

6„(Vi, . . . V„; W) = lim B„(Vi, . . . , V„; Wg). 

— >seec(w) 

Let {Vi)i^i be an injective system of Banach spaces and let V := lim(T^)ig/ be its inductive 
limit. Let i?i C V be the image of the unit ball of Vi under the structure map Vi — » V. By the 
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concrete definition of the inductive limit homology, a suhset of V is small iff it is contained in 
c • Bi for some i € I for some constant c e M. It follows that dis V is equivalent to the inductive 
system (V^Jig/. Since {Vi) is injective, the structure maps Vi ^ V are all injective. Hence 
we have natural isomorphisms Vi = Vb^ for all i £ I. It follows that (V^i)ig/ is equivalent to 
Dis V. Conversely, inductive systems of the form Ois V are injective by construction. Thus Dis is 
an equivalence between the category of complete bornological vector spaces and the category of 
injective inductive systems of Banach spaces. Its inverse is the inductive limit functor lim. 

Of course, we still have t)is o lim V '^ V ii V is only essentially injective. Therefore, if V is 

essentially injective, then ( |A.4[ ) implies 

Mor{W;V) ^ Mor(IF; 5isolimF) = B{limW;limV). 

If we consider separated convex bornological vector spaces instead, we have to replace QcC^) by 
6d(V). The spaces Vg for S e Sd(V) are then only normed spaces. Otherwise, nothing changes. 
If we drop the separation assumption, then the spaces Vg are only semi-normed. We have to take 



the non-separated inductive limit instead of the separated inductive limit to use (A.l). D 



A. 1.3 Construction of completions 

Let V be a convex bornological vector space. Write V = lim {'^s)s&ed(v)- Let V| be the Hausdorff 

completion of V5. Since taking Hausdorff completions is functorial, (y's)se6dW ^^ ^^ inductive 
system of Banach spaces. Let V^ be its separated inductive limit. The universal property of Haus- 
dorff completions implies that Mor((V|.); W) = Mor(Dis V; W) for all inductive systems of Banach 
spaces W. The same holds for mul ti-linear morphisms be twee n inductive systems. These are de- 
fined by the right hand side of ( |A.7|) . Applying ( |A.4|) and (|A.6|) , we get bornological isomorphisms 

Z?(V; W) - Mor(5isV;0isW) = Mor((V|)se6.(v);5is W) = B(hm(V|)see.(v); W) 
for all complete bornological vector spaces W. Thus the space V^ constructed above has the right 



universal property for a completion. Using a multi-linear version of (A.4), we obtain a bornological 
isomorphism 

B„(Vi,...,V„;W)^S„(VJ,...,V^;W) 



for any complete bornological vector space. This is the meaning of Lemma 2.1g . 

The good incomplete spaces are those for which the map t] : V ^ V^ is a bornological isomor- 
phism onto its range, endowed with the subspace homology from V'^. That is, a set 5 C V is small 
iff [\{S) C y^ is small. This implies that V is a bornological subspace of a complete space. Con- 
versely, a bornological subspace of a complete space is a subspace of its completion. This follows 
easily from the following lemma. 

Lemma A. 5. Let V be a convex bornological vector space, W a complete bornological vector space, 
let I : \l ^> \N he a hounded linear map. Assume that limZ(a;„) = in \N implies that lima;„ = 
for all Cauchy sequences (x„)„gN in V. In particular, I is injective. 

Let 6' C S(W) he the collection of all subsets of sets of the form {l{S)) with S G ©(V). Let 
V C W 6e the linear span of [J& . 

Then &' is a completant homology on V. The map I can be viewed as an injective bounded 
linear map T: V — > V. The complete bornological vector space (V, &) has the universal property 
of the completion of V (with respect to the map Z' : V — > V J and therefore is equal to V"^ . 
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Proof. The sets (^(5*)) are completant disks by construction. Each set of S' is contained in a 
completant small disk and {x} G 6' for all x S V. Thus 6' is a completant homology on V. 
For example, condition (iii) for a homology follows because l{Si + 82)'^ = K^i)'^ + K^^)'' ■ By 
construction, 1{S) € 6' for all S G 6(V). Hence we can view I as a bounded linear map Z' : V — > V. 

It remains to verify that any bounded linear map / : V — + X with complete range X can be 
factored as / = /' o T with a bounded hnear map /': (V, ©') ^ X. Let S G 6d(V), then f{S) 
is contained in a small completant disk T G Sc(X) because X is complete. We claim that fs '■— 
fWs : Vg — > Xt can be extended to a bounded linear map f'g : Vg,^ — > Xy. 

It is clear that fs can be extended to a bounded linear map on the completion V|. of V5. The 
problem is that the natural map V^ — > V^c^ may fail to be injective. An element in the kernel 
is the limit a; of a (bornological) Cauchy sequence (xn) in Vg for which limZ(a;„) = G W. By 
assumption, since l{xn) is a bornological null sequence, (a;„) is a bornological null sequence in V and 
hence lim/(a;„) — because / is bounded. Thus the kernel of the map V^ — ^ V^e> is annihilated 
by the extension fg. Consequently, /| descends to a bounded linear map fg: \/'g^ — > Xy. 

Finally, we observe that the extensions /g, S" G 6(V) piece together to a bounded linear map 
(V, 6') -^ X. Thus (V, &') is isomorphic to the completion of V. D 



A. 1.4 Tensor products of Frechet spaces 

We prove Theorem 2.29 and Corollary 2.3C . 



Theorem 2.29 . Let Vi and V2 be Frechet spaces and let Vi iSitt V2 be their completed projec- 
tive tensor product lldj] . The natural bilinear map t| : Vi x V2 ^ Vi (g)^ V2 induces bornological 
isomorphisms 

(Vi, Comp) ® (V2, Comp) = (Vi ®^ V2, Comp); 
(Vi, SounO) (V2, SounO) ^ (Vi ®^ V2, ©). 

Here 6 denotes the bornology of all S* C Vi 07r V2 that are contained in a set of the form (Bi ® -B2) 
with bounded sets Bi G Q5ouni)(Vi) and B2 G Q3ount)(V2). 

The bornology & is equal to Q5ount)(Vi ^tt V2) in the following cases. If both Vi and V2 are 
Banach spaces; if V2 is arbitrary and Vi = L^{M,^) is the space of integrable functions on a 
locally compact space with respect to some Borel measure; or if V2 is arbitrary and Vi is nuclear. 

Proof. Recall Grothendieck's fundamental theorem about compact subsets of the projective tensor 
product of two Frechet spaces. 

Theorem A. 6 ([Iq, p. 51]). Let Vi and V2 be two Frechet spaces. Let K d \/i (8>7r V2 be a 

compact subset. Then there are null- sequences (vi^„) and {v2,n) in Vi and V2, respectively, and a 
compact subset Kq of the unit ball of the space ^^(N) of absolutely summable sequences such that 



oc 



K d {^ A„vi^„ ® V2,, 



(A„) G K^ 



In particular, it follows that each point of Vi (8>7r V2 is contained in a set of the form {Bi ® B2) 
with bounded Bi and B2. Thus 6 is a bornology on Vi (g)^ V2. Since Vi (g^r V2 is topologically 
complete, the homologies £omp(Vi (gj^r V2) and & are completant. 

The natural bihnear map (Vi,£omp) x (V2,£omp) -^ (Vi ®7r V2,£omp) is bounded. Hence 
there is a bounded linear map fc'- (Vi,£omp) (g) (V2,£omp) -^ (Vi (gDjr V2,£omp). Theorem [A.6| 
implies that each precompact subset of Vi ®^ V2 is contained in a set of the form [Ki g) K2) with 
Kj := {vj^„ I n G N}, j = 1,2, and null-sequences {^j,n)- Since the points of a null-sequence form 
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a precompact set, Ki and K2 are precompact. Thus fc is a quotient map. Similarly, the bilinear 
map (Vi,Q3ount)) x (V2,Sount)) — > (Vi (g)^ V2,S) is bounded and induces a bounded linear map 
fs ■■ (Vi, SounO) ® (V2, *Bounc)) -> (Vi (g)^ V2, S). By definition of e, each S" e 6 is of the form 
fsiS) for a small set S C (Vi, SounO) ® (V2, SounO). That is, fs is a quotient map. 

It remains to show that /s and fc are injective. For an injective quotient map is automatically 
a bornological isomorphism. By the concrete definition of the completion, (Vi, C^omp) ® (V2, £omp) 
is the separated inductive limit of the spaces {\/{)ki ®-k {^2)k2 with Kj running through £omp(Vj), 
j = 1,2. Pick any x e (Vi,Comp) (g (V2,Comp) with fc{x) = 0. We have to show that a; = 0. 
There are completant precompact disks Kj C Vj, j = 1, 2, such that x S (Vi)^^^ (g)^ {'^2)k2- 

We view a; as an element in the kernel of the natural map {\/i)ki ®7r {S2)k2 ~* Vi ®.^ V2. 
This natural map can indeed fail to be injective because there are Banach spaces that do not 
have Grothendieck's approximation property. However, for x to describe the zero element of 
(Vi, Comp) g) (V2, €omp), it suffices that there are completant precompact disks Lj C Vj, j = 1, 2, 
such that X is annihilated by the natural map {\/i)ki ^-r 0^2)k2 ~^ (Vi)li ®7r ^2)l2- This follows 
from the following corollary of Theorem |A.6| also due to Grothendieck. 



Proposition A. 7 ([18, Remarque 4, p. 57]). Let Vi and V2 be Frechet spaces. Let (wat) be 
a null-sequence in Vi g)^ V2. Then there are null-sequences (v' „)„gN in \/j, j = 1,2, and a 
null-sequence {Ki^)n^-^ in ^"'"(N) such that \Nj\j ~ X^i^i A-/v(*)vi i ^^2 i fof clI^ n G N. 

There is a Cauchy sequence (xjv) in the uncompleted tensor product {\/i)ki (S-k 0^2)k2 with 
X = fima;Ar. The sequence wn := fc{xN) converges bornologically towards fc{x) = 0. We apply 
the proposition to this null-sequence. Let Lj be the disked hull of {v^ „ \ n gN}(J Kj. Thus Lj is 
a precompact subset of Vj and (wn) is a null-sequence in (Vi)li gi (V2)l2- Hence the image of x 
in (Vi)l^ (g (V2)l2 is zero. Thus x = in (Vi, £omp) g) (V2, Comp) as desired. 

The proof of Theorem |2.29| is almost finished. It remains to compare © and !Bounc)(Vi g)7r V2). 
It is trivial that 6 = !8ouni)(Vi (g^ V2) if both Vi and V2 are Banach spaces. For L^{M,fi) and 



nuclear spaces, see Grothendieck |18, p. 68-69] M, p. 73-74]. D 



Corrollary 2.3C . Let Vi and V2 be nuclear LF-spaces. Then (Vi,*Bounc)) (g (V2,5Bount)) is iso- 
morphic to Grothendieck 's inductive tensor product Vi (g^ V2 , endowed with the bounded bomology. 
The inductive tensor product Vi (g^ V2 is again a nuclear LF-space. 

Proof. Write Vi and V2 as inductive limits of nuclear Frechet spaces, Vj = lim Vj^„, j = 1,2. 

^ n 

The inductive tensor product Vi (gt V2 is isomorphic to limVi_„ (g^r \/2,n (see iQ). Since all Vj,„ 

are nuclear, the maps Vi^„ (g^r V2,„ -^ Vi^„+i (g^r V2,„+i are topological embeddings for all n e N. 
Hence Vi g)t V2 is a nuclear LF-space. We claim that 

(Vi g), V2, *Bouni)) = lim (Vi^„ g)^ V2,„, Soun^) = lim ((Vi^„, SounO) (g (V2,„, SounO)) 

^ lim (Vi,„, SounO) g) lim (V2,„, SounO) ^ (Vi, SounO) g) (V2, SounO). 



The first and the last isomorphism follow from Example A. 3. The second isomorphism follows from 



Theorem 2.29. The third isomorphism follows because completed bornological tensor products 



commute with inductive limits. D 

A. 1.5 Admissible Frechet algebras 

Frechet algebras satisfying one of the following equivalent conditions are called admissible by 
Puschnigg Q. 
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Theorem 3.67. Let C be a Frechet algebra. Then the following are equivalent: 

(i) for all precompact subsets S C C, there is X > such that {XS)°° is precompact; 

(ii) for each null-sequence (x„)„gN in C, there is N gN such that {x^ \ n > N}°° is precompact; 

(Hi) there is a neighborhood U of the origin in C such that S°° is precompact for all precompact 
sets S C U. 

Proof, (i) implies (ii). Let (x„)„gN be a null-sequence in C. Since C is Frechet, any topological 
null-sequence is a bornological null-sequence. That is, there is a null-sequence of positive real 
numbers (e„) such that {e~^ • x„ | n e N} is precompact. By (i), there is A > such that 
T = X- {e~^ • Xn} is bornopotent. The circled hull of T is still bornopotent. There is iV £ N such 
that A > e„ for all n > N . Thus for n > N, Xn & i^n/X) ■ T is contained in the circled hull of T. 
It follows that the set {xn \ n > N} is bornopotent. 

(ii) implies (iii). Assume that (iii) is false. Choose a countable basis (C/n)neN of neighborhoods 
of the origin in C. Since (iii) is false, there are precompact sets 5„ C Un for all n € N such that 5,^ 
not precompact. Since C is a Frechet space, there is a null-sequence {Xn,j)j£N such that Sn is 
contained in the completant disked hull of {xnj | j G N} and Xnj & Sn for all n,j. Rearrange the 
numbers {xn,j) in a sequence. We claim that this sequence is a null-sequence. Fix a neighborhood 
of the origin U. Since {xn,j)j is a null-sequence for each n G N, there is j{n) G N such that Xnj G U 
for all j > j{n). Since Un C U for some N eN, x„,j & Sn C U for all n> N. Thus aU but finitely 
many of the Xn.j are in U. That is, {xn,j)n,jeN is a null-sequence for any ordering of the indices. 

Let F C N X N be finite and let 5*' :=' {xnj \ (n,j) e N^ \ F}. There is A^ £ N for which 
({TV} X N) nF = 0. Thus Sn is contained in the disked hull of S. Therefore, S°° is not precompact. 
Consequently, the null-sequence {xn,j)n,j£N^ violates (ii). Thus if (iii) is false, then (ii) is false. 

(iii) implies (i) is evident because neighborhoods of the origin absorb all bounded sets. D 

A. 2 Homological algebra and universal algebra 

We carry over some algebra from algebras without additional structure to complete bornological 
algebras. We obtain the long exact homology sequence for allowable extensions of complexes. We 
define modules over complete bornological algebras and introduces free and projective modules. 
Modules are always assumed to be complete. We state the comparison theorem for allowable 
projective resolutions. We define the bar resolution and Hochschild homology. These things work 
out as in relative homological algebra |Q . Relative homological algebra treats an algebra A over 
a commutative ground ring K as if the ground ring were a field. In order to exclude non-trivial 
homology contributions from K, only extensions that split as extensions of K- modules are allowed. 

We identify the tensor algebra TA of a complete bornological algebra A with the even part of 
the algebra of non-commutative differential forms ilA endowed with the Fedosov product. The 
reader is assumed to be familiar with the definition of Vtk over a non-unital algebra A in H . The 
identification TA = (fiA, 0) is due to Cuntz and Quillen Q. We prove the equivalence of several 
definitions for quasi- free algebras. The notion of quasi- freeness was introduced (for unital algebras 
without additional structure) by Cuntz and Quillen |I2|. 

Most results carry over to objects in an arbitrary additive category with finite direct sums, 
tensor products, and a ground ring C satisfying <C®X = X'^X(t)'C. In particular, they 
continue to hold in categories of projective or inductive systems. However, the algebras JIA and 



TV of A. 2. 4 are infinite direct sums. In more general categories, a direct sum of algebras need 
not be an algebra any more. This happens, for example, for topological algebras or pro-algebras. 
However, the application to quasi-freeness only needs the quotients TV/(JV)'^ that do not cause 
any problems because they are finite direct sums. 
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A. 2.1 Complexes of complete bornological vector spaces 

A "L-graded complex of complete bornological vector spaces is a collection {Kn)nez of complete 
bornological vector spaces with bounded linear maps 9„ : Kn — > Kn^i satisfying 9„ o 9„+i = 
for all n G Z. A Z2-graded complex of complete bornological vector spaces consists of complete 
bornological vector spaces Kq and Ki and bounded linear maps do : Kq -^ Ki and di : Ki -^ Kq 
satisfying i9o o i9i = and di o do — 0. 

Let J, and K, be complexes of complete bornological vector spaces. We define the complex 
B{J,; K,) as follows. Let B{J,; K,)k := ]^^yB(J„; X^+n) be the space of bounded linear maps 
of degree k. If the complexes J, and K, are both Z2-graded, then n,k g Z2. The boundary in 
B{J,; K,) is S{f) := [S, f] := i5xo/-(-l)d<=s//oJj. Thus the cycles in S( J.; i^.)o are the bounded 
chain maps J, — > K, and the boundaries are those chain maps homotopic to zero. We write 

H'\J,;K,):=W'{BiJ,;K,)). 

The composition of linear maps descends to a well-defined bilinear map on homology 



o: W\J,-K,) X H"\I,;J,) ^ W'+^^i^-K, 



(A.9) 



This product is associative in the usual sense. If / G H'^{J,;K,) and g G H"''{I,;J,), we write 
Mg) := / ° 5 and g*{f) := (-l)degffdcg/^ „ g 

Theorem A. 8 (Long Exact Homology Sequence). Let {i,p): K, >—* E, ~» Q, he an allow- 
able extension of 'Z,2-graded complexes of complete bornological vector spaces. Let L, be a 7i2-gfCided 
complex of complete bornological vector spaces. Then there are natural six-term exact sequences 



H\L,-K,) ^^ H°iL,;E,) ^^ H°(i.; Q.) 



d. 



(A.IO) 



H\L,; Q,) -^^^ H\L,;E,) ^^^ H\L,-K,) 



Ho{Q.\L.) -^-^ Ho{E,;L,) -^^ Ho{K,; L,) 
Hi{K,;L,)^^^Hi{E,;L,)^^^Hi{Q,;L,) 



(A.ll) 



i*; i* , p*, p* , 9*, d* are the (signed) composition products with the homology classes of the 
chain maps i and p and with a certain natural element d € Hi{Q,; K,). 

If s : Q, -^ E, is a bounded linear section, d can he described as follows. The linear map 
{d,s] — Oe ° s -~ s o dq maps Q, into K, C E, and satisfies [d, [d, s]] = 0. Thus [d, s] yields an 
element d G Hi{Qt; K,). The homology class of d does not depend on the choice of s. 

Proof. Since the extension is allowable, E, = K, ©Q, as graded bornological vector spaces. Thus 
B{L,; E,) ^ B{L,; K,) © B{L,: Q,) and B{E,; L,) ^ B{K,-L,) © B{Q,;L,). Consequently, 

B{L.;K,) ^ B{L.;E,) ^ B{L,; Q.), 
B{Q,; L.) ^ B{E,;L,) ^ B{K,;L,) 

are short exact sequences of complexes of vector spaces. These induce the long exact homology 
sequences (A.IC) and (A.ll) as usual. D 
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The naturality of the long exact sequence means that chain maps L, ~> L'^ and morphisms 
between allowable extensions of complexes from K, ^^ E, -^ Q, to K'^ '^^ Ej, ^* Q', give rise to 
commuting diagrams of the resulting six-term exact sequences. 

A. 2. 2 Modules over a complete bornological algebra A 

A (left) A-module is a complete bornological vector space V with a bounded bilinear map A x V — > V 
satisfying the usual associativity condition. Since A may be non-unital, there is no unitarity 
condition for modules. Let Sa(V; W) be the space of A-module homomorphisms from V — > W. 

Let A+ be the unitarization of A. That is, A+ := A © C as a bornological vector space with 
the usual multiplication for which 1 G C acts as the identity of A+. A free left A-module is 
defined as A+ (g) V with left A-action ai • ((32) (8) v) := (ai • (32)) ® v. Free modules have the usual 
universal property: Composition with the natural inclusion map V —>■ A~^ ® V gives rise to a natural 
isomorphism Ba(A+ (g) V; W) ^ i3(V; W). A free A-bimodule is defined as A+ V A+ with the 
obvious left and right A-action. A module is projective iff it is a direct summand of a free module. 

Projective modules P have the usual projectivity property for allowable extensions. That is, 
the functor B/^{P;lS) is exact in the sense that it maps allowable extensions of A- modules to 
allowable extensions of complete bornological vector spaces. This is evident for free modules 
because Sa(P;i— 1) = S(V;lj) naturally if P is free on V. The exactness of the functor Ba(P;i— 1) 
carries over to direct summands of free modules in the usual way. 

Let V be an A-bimodule. A complex (Pri,'^)n>o of A-bimodules with an augmentation Pq -» 
P_i :— V is called an allowable resolution of V if the augmented complex (P„, S)n>-i is contractible 
as a complex of bornological vector spaces. That is, there are bounded linear maps /i„ : P„ — > Pn-i-ij 
n > —1, such that [(/i„)„>_i, S] = id. If all the modules P„, n > 0, in an allowable resolution are 
free (projective) we have an allowable free (projective) resolution of V. 

Theorem A. 9 (Comparison Theorem). Let P, ^ V and Q, -^ V be complexes of A-modules 
over V and V, respectively. Let /: V ^ V be an A-module homomorphism. Assume that P, 
is projective and that Q, is an allowable resolution of \/' . Then f can be lifted to a chain map 
P, ^ Q,. Any two liftings of f are chain homotopic. 

In particular, any two allowable projective resolutions of V are homotopy equivalent. 

The usual proof for modules over a ring [ pO[ carries over easily. 

If V is a right and W is a left A-module, let V 0)a W be the quotient of V (|) W by the range of 
the bounded linear map V(X>A(8>W^V(§)W sending v®a(g)wi-^v-a0w — V(X>a-w. The space 
V ®A W may fail to be separated. If V is a free right A-modulc, that is, V = V (§) A+ for some 
complete bornological vector space V, then we have a bornological isomorphism V®a W = V ® W. 
In particular, V (X)a W is separated. The same applies if W is a free left A-modulc. 

If V is an A-bimodule, let [V, A] be the range of the bounded homomorphism V A ^ V 
sending v (g) a 1— > [v, a] := v ■ a — a • v. Write V/[, ] := V/[V, A] for the commutator quotient of V. 
Although [V, A] is bigger than the purely algebraic linear span of the commutators, [V, A] need 
not be bornologically closed. Thus V/[,] need not be separated. If V = A+ ® V is free as a left 
A-module, then V/[, ] = V. The same applies if V is free as a right A-module. 

A. 2. 3 The bar resolution and Hochschild homology 

Let A be a complete bornological algebra. Define Bar„(A) :— A+(g)A®"(g)A+ for n > 0, Bar_i(A) := 
A+. For n > 0, Bar„(A) is a free A-bimodule; Bar_i(A) is an A-bimodule with respect to the usual 
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module structure. For n>Q, define b' = b'^: Bar„(A) -^ Bar„_i(A) by 

n 

&'(ao ® • • • ® a„+i) := ^(-l)^ao ® • • • ® aj_i ® (a^ • a^+i) (^ aj+2 <8 ■ ■ ■ <E) a„+i. (A. 12) 

j=o 

The finear map b'^ exists and is bounded because of the boundedness of the niultipHcation in A 
and the universal property of the completed bornological tensor product. By definition, 6'^ is an 
A-bimodule homomorphism for all n > 0. One verifies as usual that b'^ o 5^_|_2 = 0. That is, 
Bar, (A) — > A"*" is a complex of A-bimodules over A"*". In fact. Bar, (A) is a resolution, called the 
bar resolution of A. A natural contracting homotopy ft.^ : Bar„(A) — )■ Bar„+i(A) is defined by 

h^iao (g) ■ ■ ■ (g) a„+i) := 1 (g) [ao] (E) ■ ■ ■ <E) a„+i. 

Here [ao] := if ao G C C A+ and [ao] := ao if ao G A. The boundedness of h^^ is trivial. A 
computation shows that h^ o h^ ~ Q and h'" o b' + b' o h^ = id. That is, h^ is a contracting 
homotopy. By definition, h^ consists of right A-modulc homomorphisms. Another contracting 
homotopy h^ consisting of left A-module homomorphisms is defined symmetrically by 

/i^(ao d)---® a„+i) := (-l)"+iao ®---® [a„+i] ® 1. 

Proposition A. 10. Bar, (A) is an allowable free A-bimodule resolution of A^ . It is contractible 
as a resolution of left or right A-bimodules. 

Since Bar„(A) is free, we have Bar„(A)/[, ] = A+ (g) A^". The differential b' induces on the 
commutator quotients the differential b defined by 

n-l 

b{ao (g) • • • ® a„) := ^(-l)-'ao <S) ■ ■ ■ <E) a^-i (g) (a^ • a^+i) (g aj+2 <g • • • <g a„ 

+ (-l)"(a„ • ao) (g ai g) • • • g) a„_i. (A.13) 

Define f^"A := A+ ® A^", 17"A := A+ (g A®" for n > 1 and f^^A := A. Thus n"A = f7"A for n > 1 
and 

Bar.(A)/[, ] = (^"A, b) ^ (f^"A, b) C[0]. 

The homology of the complex (rj"A, b) is the Hochschild homology HH*(A) of A, its cohomology is 
the Hochschild cohomology HH*(A) of A. If P, — > A+ is another allowable projective A-bimodule 
resolution of A+, thenBar„(A) is chain homotopic to P, as a complex of A-bimodules by the 



Comparison Theorem A. 9 . Therefore, the associated commutator quotients P»/[, ] and (ri"A,5) © 
C[0] are chain homotopic and have the same homology and cohomology. 

Since /i^ o h'^ ^ and [h^,b'] = 0, it follows that Bar, (A) = Ker(ft.^) © Kerfo' as vector 
spaces. The restriction of b' to Kei h^ is an isomorphism onto Kerb'. Of course, the kernel 
of h^ is equal to A"*" (g) A®" (g 1 for all n > and thus naturally isomorphic to r2"A. Thus 
fi" A = Ker b' carries a natural A-bimodule structure. The left multiplication is the obvious one, 
a • ((ao) <g • • • © a„) — (a • (ao)) © • • • © a„. The right multiphcation is 

((ao) © • ■ • © a„) • a = {h^)-\id - h^ o b',^^^){{ao) © ■ • ■ © a„ © a) = (-l)"6;_^i((ao) © ■ • ■ © a„ © a). 



Here 6^_|_i is viewed as a map b^^^i : ri"+^A -^ ri"A using the same formula ( A. 12 ). We can replace 



ri"A by 17" A. If we write (ao)(iai . . . rfa„ for (ao) © • • • © a„ G r2"A, then we get 
b'iujda) = {-if'^s'^Lj-a, b{ujda) = (-l)'^'=s'^[w, a] 
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for all homogeneous uj £ (f7A)+ and a G A. 

Let (P., d,) be an allowable resolution. Then Ker9„ >^ P„ ^> Ker9„_i are allowable extensions 
for all n £ N and P, can be obtained by concatenating these extensions. Especially, the bar 
resolution yields allowable extensions 



^n+i^^ 1^ Bar„(A) — ^ f^"A 

i„((ao) ® ai (8) • • • (g) a„+i) = K+^ii^o) «> • • • ® a„+i ® 1) 
7r„((ao) (g) ai ® • • • ® a„ (g) (a„+i)) = ((ao) ai (g • • • a„) • (a„+i) 



(A.14) 



for all n > 0. 



Definition and Lemma A.ll. A complete bornological algebra A is n-dimensional, n G Z+, iff 
it satisfies one of the following equivalent conditions: 

(i) r2"A is a projective A-bimodule; 



(ii) the extension f2"+^A >— » Bar„(A) -» ri"A in (A.14) splits as an extension of A-bimodules; 
(Hi) there is a bounded linear map ip: A®" -^ f2"+"'^A satisfying 



n-l 



'a„) 



ao • ((5(ai ® • • • (g a„) - ^(-l)V(ao g) • • • (g (aj-aj+i) g) • 

3=0 

+ (-l)"+V(ao® •■■®a„_i) -an = (iao...<ia„ Vao, . . . , a„ G A. (A.15) 



(iv) there is a bounded linear map V: Vf^fK -^ r2"+^A satisfying 

V(a-w) = a- V(w), V(w-a) = V(w) •a + (-l)"cjda Va G A, w G i7"A; (A.16) 



(v) A+ /las an allowable projective A-bimodule resolution — > P,^ 
length n. 



A+ of 



Pr oof. I f Q"A is projective, then ( A.14 ) splits by an A-bimodule homomorphism. Conversely, 
if ( A.14 ) splits by an A-bimodule homomorphism, then J7"A is projective as a direct summand of 
the free A-bimodule Bar„(A). Thus (i) and (ii) are equivalent. 



The extension (A.14) splits iff there is an A-bimodule homomorphism /: A+ g) A®" (g A+ = 
Bar„(A) ^ fl'^+^A = 17"+^ A satisfying / o t„ = id. The bimodule homomorphisms / : A+ (g A*^" (g 
A+ -^ fi"+^A correspond to bounded hnear maps (p: A®" ^ ri"+-^A via /((ao) g) ai g) ■ • ■ g) a„ g i 
(a„+i)) := (ao) • (/'(ai g) • • • g)a„) • (a„+i). One verifies easily that /oi„ = id is equivalent to ( A.15 ). 
Thus (ii) is equivalent to (iii). 

Since f2"A is the free left A-module on A®", left A-module homomorphisms V: ri"A -^ H'^+^A 
correspond to bounded linear maps tp: A® " -^ ri""*"^A via V((a o)rfai . . . (ia„) := {ao)-(p{ai<E)- ■ -gian). 
One verifies easily that (p satisfies ( A.15 ) iff V satisfies ( A.16 ). Thus (iii) and (iv) are equivalent. 

If f2"A is a projective A-bimodule, then A+ has an allowable projective A-bimodule resolution 
of length n, namely —^ f2"A -^ Bar„_i(A) —>■■■-=, Baro(A) -^ A+ . Thus (i) impUes (v). The 
converse direction is usually proved using the Ext functors. If we cared to define and study these 
functors, we could follow that line. Instead, we use the following Theorem A.12| of Schanuel. D 
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Theorem A. 12. Let K >-^ P ^> V and K' ^^ P' ^> V 6e allowable resolutions of length 1 with 
projective P and P' . Then K © P' = K' © P. Thus K is projective iff K' is projective. 

More generally, let K„ ^-> P„_i ^ • • ■ ^ Pq ^> V and K^ ^^ P^-i —>•••—> Pq -» V 6e 
allowable resolutions with all Pj and all P'- projective. Assume that there are projective modules 
Q and Q' such that V © Q = V © Q'. T/ien there are projective modules R and R' swc/i </iat 
K„ © R = K'j © R'. T/iMs K„ is projective iff K'j is projective. 

Proof Let P" := P © P' and let d" : P" -> V be the map d(Bd'. The claim is that both K © P' and 
K' © P are isomorphic as modules to the kernel of d". It suffices to prove this for K' © P. As vector 
spaces, P ^ K © V and P' = K' © V and therefore P" = V © K' © P and Ker^" =S K' © P. Thus 
we have an allowable extension of modules K' >^ Ker9" -» P. Since P is projective, this extension 
splits. That is, Ker9" = K' © P as modules. Since a module is projective iff it is a direct summand 
of a projective module, it follows that K is projective iff K' is projective. 

Since we can get long allowable resolutions by concatenating allowable extensions, it suffices to 
prove the second assertion for the case n ~ 1. Adding the allowable resolutions id: Q ^ Q and 
id : Q' ^ Q', we can reduce to the special case V = V. In that special case we have K© P' = P© K'. 
The second assertion follows. D 

The map V in (iv) is a graded right connection in the following sense: 

Definition A. 13. Let A be a complete bornological algebra and let V be a graded A-bimodule. 
A graded right connection on V is a bounded linear map map V: V — > V (8)a fl^A satisfying 

V(a • v) = a • V(v), V(v • a) = V(v) ■ a + {-if''^^ » da Va e A, v e V; (A.17) 



Of course, 0"A is graded by deg(a;) = n for all w G 0"A. Condition ( |A.21 ) asserts that V is 



graded right connection on fl^A with respect to this grading because ri"+^A = f7"A(g)Ari^A. In [n2J 
and |q], no grading is taken into account in the definition of a connection. A map V : fi"A -^ f7"+^ 
is a graded connection on 17"A iff (— 1)"V is an ungraded connection. 

A. 2. 4 The tensor algebra and differential forms 

Let A be a complete bornological algebra. The differential envelope fJA is the universal complete 
bornological differential algebra generated by A. We can describe J7A in a concrete way as follows. 
Let fi"A := A+ © A®". Then fiA := Y^f^o^' f^ with the direct sum homology The usual 
differential and multiplication of non-commutative differential forms are bounded with respect to 
the direct sum homology and thus make rJA into a complete bornological differential algebra. The 
multiplication is bounded because direct sums commute with bornological tensor products. 
The Fedosov product on f7A is defined by 

xQy:=x-y-{-lf''^''dxdy \/x,yenk. (A.18) 

It is bounded because the multiplication, differential, and grading on fJA are bounded. It is trivial 
to verify that is associative. Decompose J7A into the differential forms of even degree ri°'^''"A and 
the differential forms of odd degree ri°'^'^A. The Fedosov product of two even forms is again even, 
so that (0®™"A, ©) is a complete bornological algebra. Let cta : A ^ (il'^^^A, 0) be the natural 
bounded linear map coming from the isomorphism A = Vf'A. 

Proposition A. 14. Let I: A —f B be a bounded linear map between complete bornological algebras. 
There is a unique bounded homomorphisni \l\: (ri°™"A, ©) -^ B satisfying p] o cta = I. The 
homomorphism [IJ is uniquely determined by 

ll]{{ao)dai ...da2n) := Z(ao>w;(ai,a2) ■ • ■t^/(a2„-i,a2„). (A. 19) 
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Proof. It is clear that |Z] above defines a bounded linear map fi^^^A -^ B with p] o cta = /. 
Furthermore, it is the only map that has a chance to be multiplicative: If ip : (fi'^^'^A, 0) ^ B is 
a homomorphism with ip o a/^, — l^ then necessarily ip o Lu^{ai, 82) = w;(ai, 82) and thus 

'0((ao)dai . . .da2n) = ■0((ao)0Wcr(ai, 32)0- ■ •0w^(a2„-i, a2„)) = ^(ao)-c^;(ai, 32) • ■ • w/(a2„-i, a2„)- 

It remains to verify that I :— {IJ is indeed multiplicative. Let X C 17°™"A be the set of all 
^/ g f]even^ satisfying i{uj' w) = f(w') • f(w) for all w e fi'^^^A. Evidently, X is a bornologically 
closed subalgebra of ri°™"A. It is easy to verify that Z(a Q ui) — l{a) ■ l{uj) for all a G A and ut of 
the form (ao)dai . . . da2n- It follows that l{a Q uj) — l{a) ■ l{uj) for all a € A, lj G n°^°'^A, that is, 
cr(A) C X. Consequently, ^^^(A, A) C A A + A C X and therefore A+ u;^(A, A)®" C X for all 
neN. Hence X = f^°™"A. That is, I is muhiphcative. D 



The universal property described in Proposition A. 14 is precisely the universal property of the 
tensor algebra TA of A. Hence we get a natural isomorphism TA ^ (ri°™'^A, 0) as in [Q. Let 
(JA)'^ := X^^fc ^^"A. The natural projection t/\ : TA -^ A with kernel JA is the unique bounded 
homomorphism satisfying ta o cta = id . 

A. 2. 5 Quasi- free algebras 

A complete bornological algebra N is k-nilpotent iff N*^ = {0}. Thus N is 2-nilpotent iff the 
multiplication in A is the zero map. We call N nilpotent iff it is fc-nilpotent for some fc 6 N. An 
extension of complete bornological algebras K ;-^ E ^> Q is called k-nilpotent iff K is fc-nilpotent 
and nilpotent iff K is nilpotent. 

Definition and Lemma A. 15. A complete bornological algebra R is quasi-free iff it satisfies one 
of the equivalent conditions: 

(i) There is a bounded linear map ip: R — > J7^R satisfying 

ip{xiX2) = xiLp{x2) + ^p{xi)x2 — dxidx2 Va;i,a;2eR. (A. 20) 

(ii) There is a bounded linear map V: fJ^R -^ fJ^R satisfying 

y{x-Lo)^x-V{uj), V{uj ■x) = V{uj)-x-ijjdx Vx e R, t^ G r^^R. (A. 21) 

(Hi) The R-bimodule fl^R is projective. 

(iv) There is an allowable projective R-bimodule resolution of length 1 

^ Pi ^ Po ^ R+ 

of R+ with the standard bimodule structure. 

(v) There is a bounded splitting homomorphism v. R —> TR/(JR)^ for t: TR/(JR)^ —> R. 

(vi) Let K ^^ E ^> Q 6e 077. allowable 2-nilpotent extension and f:R—fQa bounded homo- 
morphism; then there is a bounded homomorphism f : R —> E lifting f , that is, making the 
following diagram commute: 



R 

K>^-E^Q. 



(A.22) 
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(vii) Each allowable 2-nilpotent extension K ^-> E -» R has a bounded splitting homomorphism. 

(via) There is a family of bounded homomorphisms u„ : R ^ TR/(JR)", n > 1, such that Vi = idp 
and each Vn^i lifts Vn- That is, the following diagram commutes: 




v„ + i 



TR/JR^ TR/(JR)2^ 



TR/(JR)" ^— = TR/(JR)"+i. ^ 



(ix) Let K ^^ E ^> Q 6e an allowable nilpotent extension and f : R ^ Q a bounded homomorphism. 
Then there is a bounded homomorphism / ; R ^ E lifting f as in (jv\) . 

Proof. The equivalence of (i)-(iv) is the special case n = 1 of Lemma |A.ll| . 

(i) is equivalent to (v). Identify TR/(JR)^ = R © J7^R as a bornological vector space. The 
multiplication is the Fedosov product, where terms of degree 4 or higher are omitted. The bounded 
linear sections for the natural projection TR/(JR)^ -^ R are of the form aR + ip with bounded linear 
maps (f. R ^ O^R. The section a^ + ip is multiplicative iff ip satisfies ( A.20| ) because 



(ct + ip){xiX2) - (o- + 'P>){xi) (ct + (p){x2) = dxidx2 + ip{xiX2) - 'p{xi) • X2 - a:i • (pix2) 

up to terms of degree 4 and higher. Thus (|) and (Q) are equivalent. 

(v) implies (vi). Let w: R ^ TR/(JR)^ be a bounded splitting homomorphism. Let K ^^ 
E -» Q, f,i,p, s be as in ( A.22| ). Consider the bounded linear map s o /: R — + E. Its curvature is 
'^sof{xi,X2) = ujs{f{xi), f{x2)) because / is a homomorphism. Since p o s — idq is a homomor- 
phism, it follows that ujsof maps R into K. Thus ujsofixi, X2)-0Jsofix3,X4) = for all xi, ... ,2:4 G R. 
Consequently, the bounded homomorphism |s o /] : TR ^ E of Proposition A. 14 annihilates (JR)^. 
Therefore, it descends to a bounded homomorphism g : TR/( JR)^ — >• E. Furthermore, po g = f o t 
with r: TR/(JR)^ -^ R the natural projection. The composition / := g o u: R — > E is a bounded 
homomorphism satisfying p o f — {p o g) o v — f o [t o v) ^ f. Thus (m) implies (|vi[). 

Of course, (M|) is the special case Q = R and / — idp of (pj). Thus (pj) implies ([vii|). Since 
JR/(JR)^ ^^ TR/(JR)^ ^> R is an allowable 2-nilpotent extension, (M) is a special case of wW- 

Therefore, the conditions (M)-(pi]) are equivalent. 

(vi) implies (viii). The homomorphisms u„ are constructed by induction, starting with 
vi = id. In each induction step we apply (vi) to the 2-nilpotent extension (JR)"/(JR)"+^ ^^ 
TR/(JR)"+i -» TR/(JR)" to lift u„: R ^ TR/(JR)" to a bounded homomorphism w„+i : R -^ 
TR/(JR)"+i. Thus (P|implies (^). 

The implication ( viii ) ^=> (fxh is proved as the implication (M)^=^(Ft)- Since wf) is a special 
case of (H), the conditions (h)-(W) ^^'^ equivalent. D 



The sign in front of —dxidx2 in (A.2C) is a matter of convention. In [ |12| ] and |[13 |, the other 
sign is used, but in ]14|] and fllOl], Cuntz and Quillen switch to the sign convention iri^A.20). 



A. 3 Cyclic homology and cohomology 

We define cyclic homology and cohomology using the Hodge filtration on flA. This definition is 
equivalent to the more standard definition using bicomplexes. First, we introduce the Karoubi 
operator and the boundary B on QA. 
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A. 3.1 The Karoubi operator 

In order to write down the boundary d of the X-complex exphcitly, we need the Karoubi operator 
K : riA — > 17 A defined by 

K(u;da) := {~\f°^'^ds ■ uj Vcj G f^A, a G A. 

It is clear that k is a bounded operator of degree zero on Vtk. It is also bounded with respect to the 
homology ©an and thus extends to a bounded operator on ilanA. We recall some computations of 



Cuntz and Quillen |11 . We have 

ibd+db){Luda) = {-lf''^'^+^[duj,a] + {-lf''S'^d[Lu,a] = (-l)^'=8;"(adw-(da;)a + rf(w-a)-d(a-cj)) 

= (_l)dog^(_(^a)cj + {-if^s'^iuda) ^ uda - K{uda) 

because d is a graded derivation. That is, 

bd + db^ id- k. (A.23) 

It follows that K is homotopic to the identity with respect to both differentials b and d. In particular, 
K commutes with b and d (because 6^ = = rf^). Iterating k, we get 

K^((ao)dai .. .dan) = (-l)^^""^^da„_j+i . . . da„ • (ao)(iai . . . da„_j VO < j < n. (A. 24) 

In particular, for j = n, this yields K"((ao)(iai . . . da„) = dai...(ia„ • (ao) = (ao)rfai . . . (ia„ + 
[dai . . . da„, (ao)] = (ao)(iai . . . da„ + (— l)"6(cfai . . . rfa„d(ao)). That is. 



k" = id + bn'^d on r2"A. 
Especially, d'^ — imphes k" = id on dQ^^^^A C ri"A and thus 



«"+M = d on f7"A. 



Combining this with ( A. 25 ), it follows that 

(k" - id)(K"+i - id) = bHi^d{n''+^ - id) = 6K"(K"+id - d) = on f7"A. 
Moreover, ( |A.25D , ( |A.26D , and ( |A.23| ) yield 

k"+i = k + 6K"+id = K + 6d = id - dfe on f7"A. 
Since 6^ = 0, this imphes k"+^ = id on fe(fi"+iA) C f7"A and thus 

k"5 = 6 on f7"A. 
Define Connes's operator B: ilA — ^ flA by 

n 

i3((ao)dai . . . da„) := >_](— l)""'daj . . . da„d(ao)dai . . . daj_i Vao, . . . , a„ G A. 
j=o 

That is, 



(A.25) 
(A.26) 
(A.27) 
(A.28) 
(A.29) 



B = Y^ K^d on r2"A. 



(A.30) 
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Thus Bk = kB and B^ = Bd = dB = 0. Using geometric series, we get 

n n n n 

(k")"+i - id = ^ k"^ (k" - id) = ^ K"^5«;"d = 6^ K"(J+i)d = 6^ K"~^d = bB 
j=o i=o j=o j=o 

on J7"A because n(j + 1) = —{j + 1) = n — j mod n + I and K"+^(i = d. Similarly, 

n— 1 n — 1 n — 1 

(k"+1)" - id = ^ k("+i)-''(k"+i - id) = - ^ K("+i)Jd6 = - ^ K^db = -Bb 

j=0 j=0 j=0 

on r2"A because 6 lowers degree by 1 and K"'d = d on fl^^^A. Thus 

^nin+i) _ 1 = 55 = _Bb on f7"A. (A.31) 

Thus we get a bicomplex if we endow J7A with the boundaries (6, B). It follows that 

{B + bf = B'^ + {Bb + bB) + b'^ = 0. (A.32) 

A. 3. 2 The Hodge filtration and cyclic cohomology 

Let A be a complete bornological algebra. The Hodge filtration is a certain filtration Fn (A) on the 
bicomplex {nA,b,B) such that the quotients (riA/F„(A), i? + b) compute the cyclic cohomology 
of A. It was introduced by Cuntz and Quillcn [0. The Hodge filtration on flA is defined by 

oo 

Fn{A):^b{n''+^A)® Yl ^^A. (A.33) 

j=n+l 

Clearly, Fn (A) is invariant under b and d. Hence Fn (A) is invariant under the operator k constructed 



from b and d by (A. 23). Thus Fn{A) is invariant under the boundary B and the spectral operators 



P and H constructed from k. We are mainly interested in the corresponding quotients 

n-l 

X„(A) := OA/F„(A) = ^ n^ A © rj"A/6(0"+iA). (A.34) 

i=o 

The space X„(A) may fail to be separated. The operators b, d, k, B, P, and H descend to bounded 
operators on X„(A) because they map F„(A) into itself. 

We work in X{TA) = fianA, not in fiA throughout this thesis. This only makes life more 
difficult, but since we have introduced most notation in fianA, it is convenient to define the Hodge 
filtration in SlanA as well. We define F„(A) C ^anA so that rJanA/i^„(A) is still the space X„(A) 
above. Thus we complete the sum J2j=n+i ^"'^ inside f^anA but do not complete 6(ri"+^A). 

We make X„(A) a Z2-graded complex using the boundary b + B and the even/odd grading. The 



complexes (X„(A), B + b) and (X„(A), d) are homotopy equivalent. The argument in Section 3.2.6 
carries over easily (and with some simplifications). Since we divide out all but finitely many fl"A 
the rescaling by [j/2]\ on il^ A is bounded on X„(A). Since F„(A) C Fm{A) for m < n, there are 
natural projection maps f„,„ : X„(A) — > X,„(A) that make (X„(A)) a tower of complexes in the 
sense of [|l3[. Especially, for n = 1, the complex Xi(A) is equal to the X-complex of A. 

If we are interested in properties of the projective system (X„(A)) of complexes, then it is 
appropriate to view it as the X-complex of the pro- algebra 7^ A defined in Section |4^ . However, this 
gives little information about the individual complexes X„(A). These complexes can be studied by 
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homological algebra, using their relation to Hochschild homology. Therefore, the boundary B + b 
is preferable over d on X„(A) because it is closer to the Hochschild boundary b. 
As in IjlJ, we define cyclic (co)homology groups using the Hodge tower. Let 

HC„(A) :- ff„(X„(A)), HD„(A) :- ff„(X„+i(A)), 

HC"(A):=i7"(X„(A)), HD"(A):=ff"(X„+i(A)). 

By definition, iJ" (X„(A)) is the homology of the dual complex X'j,(A) := S(Xfc(A); C[0]) of bounded 
linear functionals on Xfe(A). The groups HCn(A) and HC"(A) are the cyclic (co)homology groups 
of A, whereas HD„ (A) and HD" (A) are called the de Rham homology groups of A. 

Consider the complex G„ :— (F„_i(A)/_F„(A), i? + b). This complex has &(ri"A) in degree 
n — 1 mod 2 and ri"A/6(ri"+^A) in degree n mod 2. The homology of G„ is equal to HH„(A) = 
Ker6|f2"A/^(^"~''"'^A) in degree n and in degree n — 1. For each n £ Z^, we have a (usually not 
allowable) extension G„ >—> X„(A) —» X„_i(A) of complexes and get an associated exact sequence 

HD„_i(A) >^ HC„_i(A) ^ HH„(A) ^ HC„(A) ^ HD„_2(A) 

for the homology of these complexes. Splicing these extensions for different n, we get the homology 
version of Connes's exact sequence: 

> HC„+i(A) ^ HC„_i(A) -^ HH„(A) ^ HC„(A) ^ HC„_2(A) ^ • • • . 

Thus HD„ (A) can be interpreted as the range of the operator S : iiGn+2 (A) — > HC„ (A) . A dual 
exact sequence exists for the cohomology groups. It allows to interpret HD"(A) as the range of 
the operator 5: HC"(A) -^ HC"+^(A). Therefore, the cyclic cohomology groups (HC^"+*(A))^gj^ 
form an inductive system of vector spaces for * = 0, 1. The inductive limit is equal to HP*(A), 
the cohomology of the complex YiTLo ^"' A with boundary B + b. Dually, the homology groups 
(HC2n+*(A))^ pj form a projective system. The limit is not quite equal to HP* (A), but there is a 
lim^-exact sequence that computes HP, (A) from this projective system of cyclic homology groups. 

The above definition of cyclic (co)homology yields the same result as the more standard def- 
inition using bicomplexes (see p3|). The bicomplex approach avoids the use of non-separated 
spaces and non-allowable extensions and readily gives Connes's exact sequence in homology and 
cohomology. Moreover, all cyclic cohomology groups are computed by the same complex. 



However, the definition in (A. 35) is good when relating operations in periodic cyclic cohomology 



back to cyclic cohomology. This is the situation in Theorem 4.1. We already have excision in the 
periodic theory and want to estimate how the dimensions in cyclic (co)homology are shifted. 

Let {i,p): K ^ E ^ Q be an allowable extension. Let f}"(E : Q) := Kerp*: 17"E -^ f}"Q. We 
define the relative Hodge filtration i^„(E : Q), the re lative H odge t ower Xn(E : Q), and the relative 
cyclic (co)homology groups HC„(E : Q), etc., as in ( A. 33 ), ( A.34| ), and ( A.35| ). We only replace A 
by E : Q everywhere. For example, 

F„(E:Q):= ^ f7J(E : Q) ® 6(f7"+i(E : Q)). (A.36) 

j>n+l 

Everything said above for the absolute cyclic (co)homology groups carries over to the relative case. 
Furthermore, there is a long exact sequence 

> HC„+i(Q) ^ HC„(E : Q) ^ HC„(E) ^ HC„(Q) ^ HC„_i(E : Q) ^ • ■ • (A.37) 

and a dual sequence in cohomology (with all indexes raised and all arrows reversed). The exact 



sequence (A.37) follows from the alternative definition of cyclic homology in terms of bicomplexes. 
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The Hodge filtration lives on X{TA) but is defined in terms of operators on SlanA. It is 
important that we can describe it using the algebra structure on TA and powers of the ideal 
J A (see also |lq]). The nth power (J/A)" is the subspacc of il^^'^A spanned by monomials 
(ao)dai . . . d32j with j > n. We interpret {JA)° :== (TA)+. 

Lemma A.16. Let FaT'XA) := (JA)"+i C flZ"' and let F^^'^^A) C n^{TA) be the completant 
linear hull of {JA)"D{TA). The odd part F^^'^{A) o/i^2«(A) is equal to the range ofF§^'^{A) under 
the quotient map D.'^iTA) -^ rJanA. The even part F°^'^Ia) is equal to FaT^CA) + di{F°;l'^{A)) . 

Proof. Since di = 6 — (1 + K)d, the operators b and di agree up to the perturbation (1 + K)d, 
which produces terms of higher order. Hence it makes no difference whether we add 6(J7^"+^A) or 
ai(rj2"+iA) to (JA)"+i. D 

A similar description of i^2n(E : Q) can be given in the relative case. 
Lemma A.17. Let F^^'^-^^{A) C n^{TA) be the completant linear hull of Y,k+i=n('^^)'' ^iJ^^Y ■ 
Then i^2°n-i(A) is the image of F§^^^{A) under the quotient map n^{TA) -^ i^ln'^A. Furthermore, 
-^2n-"i(A) = (iJA)". In the relative case, we get an analogous statement with 

F°^^,{E : Q) ■.= ]hi Y. {{JE)'' n3) DiJEy + iJE)" D{JE' n3). 

k-\-l—n 

Proof We can replace F^^^^{A) by {J A)'^''^ D{dAdA) + {JAY DA witho ut cha nging the image 
under the map to ri°^'^A. This follows from the derivation rule for D as in ( A. 42 ). We compute 



(a;) D{dzidz2) mod [, ] = {x) _D(aia2) — {x) ai Da^ — a2 © {x) Dai mod [, ] 

— d{x)daida2 + da2d{x)dai ~ b[{x)daida2). (A. 38) 

Hence the map Vf^^A dAdA = (rA)+ D{dAdA) -^ Q.lt'^A sending {x)daida2 to (x) i:'(daida2) + [, ] 
is equal to —b up to perturbations of higher degree. Thus it makes no difference whether we add 
6(f}2"A) or ^2°n-i(A) mod [,] to f^if"A. This proves the assertion about the odd part of F2„_i(A) 
in the absolute case. The assertion about the even part is trivial. The relative case is handled 
similarly. D 

A. 4 The homotopy invariance of the X-complex 

We prove the homotopy invariance of the X-complex: 



Proposition 3.38. Let A and B be complete bornological algebras. Let 0Oj0i: A ^ B 6e AC- 

homotopic bounded homomorphisms. Assume that A is quasi- free. 

Then the induced maps X{(f)t), t — 0,1, are chain homotopic. That is, there is a bounded linear 
map h: X(A) -^ X(B) of degree 1 such that X((j)o) — X{(f>i) — [d, h] with [d, h] :— dx{B)°h+hodx{A)- 

We will derive the formula for h that is written down in |l3]. The ingredients are the quasi- 
freeness of the source and an absolutely continuous homotopy $: A — > AC([0, 1]; B). The quasi- 
freeness of A is encoded in a graded connection V on fl^A. Since A is quasi-free, the natural map 
^n : Xn(A) — > X{A) is a homotopy equivalence of complexes. Using the graded connection V, we 
can explicitly construct a chain map section V* : X{A) -^ X2(A). 

The absolutely continuous homotopy $: A ^ AC([0, 1]; B) is used to construct a chain homo- 
topy 77: X2(A) -^ X{B) between the chain maps X (00 )° ^2 and X((/)i)o^2- Finally, 770V*: X{A) -^ 
X{B) is a chain homotopy between X(0t) o ^2 ° V* = X((/)t) for i = 0, 1. 

The proof of the homotopy invariance is quite explicit and therefore works in many different 
categories. However, the map rj involves integration of functions and hence division by integers. 
As a result, we only get homotopy invariance for the X-complex in a Q-linear category. 
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A. 4.1 Contracting the Hochschild complex 

If A is n-dimensional, then the bar resolution is contractible as a bimodule resolution above de- 
gree n. Hence the Hochschild complex is contractible above degree n. Connections can be used to 
write down an explicit contraction (see also |13[). 

Let V be a graded A-bimodule and let V : V ^ V (8)a ^^A be a graded right connection on V in 



the sense of Definition A. 13 , The complete bornological vector space V®a (ilA)+ = J2^=o V® A®" 
is a graded A-0 A-bimodule in a natural way. The graded connection V: V -^ V ®a 17^ A can be 
extended uniquely to an endomorphism V e S(V (Sa (f^A)+) of degree 1 satisfying 

V(a-a;) = a- V(2:), \7{x-uj)^\/{x)-uj + {-lf'=<^''x-duj (A.39) 

for all a e A, a: G V (K)a (f^A)+, and u; G flA. Equation ( |A.39| ) implies that V(v ® dai . . . da„) = 
V(v) • dai . . .dan- T his un iquely deter mines a bounded linear map V G Z3(V (g)A (riA) + ). This 
extension V satisfies ( A.39| ) because of ( A. 17 ). 



Especially, for a graded connection on Q"A the extension is a map J2i>n ^"'A ^ J2i>n+i ^"'A 
of degree 1 satisfying ( A.39| ). It is defined by 



V((ao)dai . ..daj) := V((ao)dai . ..da„)da„+i .. .daj V(ao) G A+, ai,...,a„GA. (A. 40) 
Equation (|A.39) implies that V|j2M is a graded right connection for all j >n. 



Proposition A. 18. Let A be an n-dimensional complete bornological algebra. Extend a graded 



connection V : f7"A -^ f7"+i A as in ( |A.4GD and let \/ = on fl^ A for j < n. 

Then [b, V] : QA —f f2A is an idempotent whose range is equal to Fn (A) . That is, [b, V] — id on 
Fn{A) anrf Ker[5, V] is a b-invariant direct complement for Fn{A). 

Proof. Let X G WA, j > n+ 1. For a; = a G Q'^A, equation ( |A.39| ) implies 

[b,V]{xda) ^b{V{x)da)+Vob{xda) = {-iy+\W(x),a] + {-iyv{[x,a]) 
= {-ly (a • V{x) - V{x) • a + V(a; • a) - V(a • x)) 

= {-y{a-S/{x) - V(.t) •a + V(x) • a + (-l)^a;da - a • V(a;)) = xda. 

Thus [b, V] = id on J2j>n+i ^^ A. Since [b, V] commutes with 6, this also holds on 6(^7"+^ A) C f^"A. 
If j < n, then [6, vj = on fl^A because V = on fl^ A and Q^^^A. We have [&, V] = & o V 
on 17"A because V vanishes on n''~^A. Hence [6, V] o [6, V] = 6V5V = 6(id - 6V)V = &V = [6, V] 
on n"A. Thus [&, V] is idempotent. In addition, the range of [6, V]|o.ia = &V|n"A is contained in 
F„(A). The range of [6, V] is equal to F„(A) because [6, V] = id on i^„(A). Thus Ker[&, V] is a 
direct complement for i^„(A). It is invariant under b because [&, V] commutes with b. D 

For cyclic cohomology, we must work with the boundary B + b instead of b. We have [V, B + b] = 
[V,i?] -I- [V,5] = [V,i?] + 7r„, where 7r„ = [V, 5] is an idempotent projection onto i^„(A). The 
perturbation [V,B] maps F„(A) into itself and commutes there with b because [V,6] = id on 
F„(A) commutes with i? and [B,b] = 0. Evidently, [V,i?] has degree -1-2 and thus maps fl^A to 
f^-'+^A for aU j G N. Thus id - [V,B + 6] maps Fj{A) into i^j+2(A) for aU j > n. The map 
[V, B + b] is a chain map homotopic to the identity by construction. Iterating it k times, we 
obtain chain maps QA — > 51 A that map Fn{A) — > i^„+2fe(A). Hence we get induced chain maps 
3Cn(A) —^ Xn+2k{A) that are inverse up to homotopy to the natural projection X„+2fc(A) —>■ X„(A). 

This technique to contract the complex (flA, B + b) using a connection is important for many 
applications. Let me mention here only Khalkhali's result that entire and periodic cyclic cohomol- 
ogy coincide for Banach algebras of finite homological dimension p6| . This is proved by observing 
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that lim„_>oo(id — [V, B + 6])" makes sense and is a bounded operator fJanA -> f^anA homotopic 
to the identity. However, the proof of boundedness depends on the assumption that A is a Banach 
algebra. The assertion becomes false already for Frechet algebras. 

Here, we only use Proposition A.18| to construct a chain map V* : X{A) — > X2(A) if A is quasi- 



free in the sense of Definition |A. 15. Let V : Sl^ A — > fPA be a graded connection extended by (A. 40) 



We have seen above that id — [V, B + b] maps -F'i(A) into -F3(A) C -F2(A) and thus descends to a 
bounded chain map V* : X{A) ~ Xi(A) -^ X2(A). In addition, ^2 o V* = id. Explicitly, 

V. = id - V o d on n°A, 

(A.41) 
V* =id- [V,&] =id-6oV on n^A/b{n^A). ' 

A. 4. 2 Absolutely continuous homotopies and chain homotopies 

Let $: A ^ AC([0, 1];B) be an absolutely continuous homotopy. Its derivative is a bounded 
linear map $' : A -^ Li([0, 1]; B). If we view ^^([0, 1]; B) as an AC([0, 1]; B)-bimodule, then $' is 
a derivation relative to $ in the sense that $'(a;y) = (f>(a;)$'(y) + ^'{x)^(y) for all a;,y S A. For 
j e N, define t]-. fl^ A -^ W-^B by 

77((ao)dai . . . da,) := / $t(ao) • $t(ai) d$t(a2) . . . d$t(a„) dt. 
Jo 

This is a well-defined bounded linear map because integration L dt: _L^([0, 1]; fJ^^^B) -^ ft^^^B 
is bounded. We let ?y|noA = and view 77 as an operator ilA -^ flB of degree —1. Using that $' is 
a derivation relative to <&, we compute that [77, b] = rjb + bi] = 0: 



77o6((ao)dai...da„) = / $t((ao)ai)$;(a2) d$t(a3) . . . d$t(a„) 

JQ 



- $t(ao)$t(aia2) d^tM ■ ■ ■ d*t(a„) + $t(ao)$t(ai)$t(a2) d$t(a3) . . . d$t(a„) 

- (-l)"$,(ao)$;(ai) (d$t(a2) . . . d$t(a„_i)) • $t(a„) 

+ (-l)"$t(a„(ao))$;(ai) d$t(a2) . . . d$t(a„_i) dt 

= / (-l)"-i[$t(ao>$;(ai) d$t(a2) . . . d$t(a„.i), $t(a„)] dt = -6 o ry((ao)dai . . . da„). 
Jo 

Thus 77 maps 6(ri'^A) into 6(ri^B) and descends to a well-defined bounded linear map rj : X2(A) -^ 
X(B). Recall that ^2 : X2(A) — > X(A) is the natural projection. Using the map 77, we can finish 
the proof of Proposition |3.38| : 

Lemma A. 19. We have X {(j>o) o £^2 — X {(pi) o £^2 — [d , ij] ■ Thus the chain maps X{(f)t)°^2'- X2(A) -^ 
X{B) induced by AC-homotopic homomorphisms (j)t'. A —t B are chain homotopic without any 
quasi- freeness assumptions on A. 

Proof. We compute [9, 77] — drj + r]d — X(0i) o C2 — -^(^o) ° C2 on fl^A for j = 0, 1, 2: 



[9, 77] (a) = r]{da) 



f $;(a)dt = $i(a)-$o(a). 
Jo 



[d,T]]{{ao)dai) = do ■q{{ao)dai) + i] o B{{ao)dai) 

= f d($t(ao)$;(ai))+$;(ao)d$t(ai)-$;(ai)d$t(ao)di 
Jo 

= / [d$t(ao),$;(ai)] + ^($t(ao)d$t(ai)) dt = $i(ao)d$i(ai) - $o(ao)d*o(ai; 
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Since the range of ry is X{B), we can omit J^[d^t{3o),^'ti3i)]dt G b{n'^B). On n'^A/b{n^A) we 
have r]d + dri = i]b + br] = a.s desired. D 



The operator h: X{A) -^ X{B) in Proposition 3. 38 is the composition r/ o V* with rj as in 
Lemma A. 19 and V* as in (A. 41). We can replace the even part of V* by —V o d because 7] 
vanishes on A C X2(A). We get the same formula as Cuntz and Quillen Il3, p. 



A. 5 Some computations in X{TfK) 

We do some computations in X{Tk) that were left out in Chapter ||. We derive the formula for 
the X-complex boundar y d on f^anA and provide some details of the proof of Proposition 3.46 that 
were left out in Section 3.2.6| . 



A.5.1 The boundary of X{rk) 

Firstly, we write down the inve rse o f the map /jIs^: (7'A)+ (§> A ® (TA)^ -^ n^{TA). Since we 
already know from Proposition 3.33| that /J3.9 is a bornological isomorphism, it suffices to write 
down 



^: f^i(TA) -^ (TA)+ ® A (TA)+ such that Af^o aC^= id- Then the map fjTh extends 



to a bounded linear map ACgl- ^^("^A) -^ (^A)+ A ® {'j A)'^nverse to 

The derivation rule for TT implies D{dxdy) ~ D{xy) — x Dy — (Dx) y and hence 

D{{ao)dai . . . da2„) == D{{3o) {daida2) (^33^34) • ■ • ((ia2„-ida2„)) 

n 

= (-D(ao)) dai . . .da2n +^(ao)dai . . .da2j-2{D{da2j-ida2j))da2j+i ■ ■ ■da2n 

n 

= {D{ao)) dai . . .da2n +'^{ao)dai . . . da2j-2{D{a2j-ia2j)) da2j+i ■ ■ .da2n 



j=i 



-^(3o)d3i .. .da2j-2 & 32j-i{Da2j) da 



2j + l 



.da-2 



j=i 



— 2_^{3o)dai . . . da2j-2{D32j-i) a2jda2j+i ■ ■ ■ da2n- 



(A.42) 



This yields an explicit /j 3.9 -pre- image of _D((ao)(iai . . . (i3„). The resulting map /: _D(TA) -^ 
(TA)+ (g) A® (TA)+ is extended to a left TA-module homomorphism on n^{TA) by ^€%{'^l DUJ2) := 
uJif{Dijj2) for LOi G (TA)+, UJ2 G TA. By construction, /i3^o ^rt = id on _D(TA) and hence on 
r2^(TA). It is not hard to show directly that /^r^ extendsto a Dounded linear map ri^(TA) -^ 
(TA)+ ®A® (TA)+ that is inverse to ^£2. 

Let d: SlanA -^ ^anA be the boundary of the X-complex transported to fianA by the natural 
vector space isomorphism X{TA) = rianA. We repeat the proof of the explicit formulas for d 
in |l|. For w G f^an™A, a G A, we have 

di{Loda) = b{Lu Da) =ujQa — aQcu — uj-a — a-co — dcuda + daduj = {b — d — k o d){Luda). 



That is, we obtain di = b — (l + K)d as asserted in ( |3.16 ). 

If X G ^|n™A, then do{x) G ^it'^A is computed as follows. We map Dx G n^{TA) to {TA)+ ® 
A (g) (TA)+ via fJT^ and compose with the bounded lin ear m ap (TA) + <§) A (g) (TA)+ -^ ^it'^A 
sending (a;o} (g a ^xi) to (xi) (xo)da G ^In'^A. Thus ( |A.42| ) implies ( |3.17| ): 
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da{{ao)dai . . .da2n) = D{{ao)dai . . .da2n) mod [, ] = rfai . . .da2nDao 

n 

+ ^ da2j+i ■ ■ ■ da2n © (ao>fiai . . . da2j-2D{a2j-ia2]) 
i=i 

n 

- ^ da2j+i . . . da27i (ao)rfai . . . da2j-2 S'2j-iDa2j 

n 

" X/ ^2j da2j+i ■ ■ ■ da2n (ao)rfai . . . ^32^-2-032^-1 mod [, ] 

2n n 

= ^ rfaj . . . da2nrf(ao)rfai . . . rfa^-i - ^ 6(rfa2_,+i . . . rfa2,i • (ao)cfai . . . da2j-ida2j) 

2n n — 1 

= ^K^rf((ao)dai . ..da2„) - ^ 5K^-'((ao)rfai . ..da2„). 
A. 5. 2 Boundedness of the spectral operators 



We verify some details for the proof of Proposition 3.46. We have to show that the complexes 
(fianA, d) and (fianA, 6) with 5 as defined in ( p.l^ ) are chain homotopic. The proof uses the 
spectral projection P of k^ associated to the eigenvalue 1 and the operator H that annihilates the 
range of P and is inverse to 1 — k^ on the range of P^ :— id — P. We need explicit formulas for P 
and H to verify that they are bounded. 



By (A. 27), K satisfies the identities (k" — 1)(k"+^ — 1) = on 0"A. This carries over to k^ 
because (1 — k^") = (1 — k")(1 + k"). The 1-eigenspace of k^ is the sum of the eigenspaces of k 
for the eigenvalues ±1. The following linear algebra applies to any operator A on a complex vector 
space V that satisfies the identity (A" - l)(A"+i - 1) = 0. 

Since A satisfies a polynomial identity and we are working over the complex numbers, it follows 
that V decomposes into eigenspaces V — @^^n ^ with N the set of roots of the polynomial 
(z" — l)(z""'"^ — 1). Thus cj" = 1 or (jj"+^ — 1. In particular, 1 g iV is an eigenvalue with 
multiplicity at most 2. All other eigenvalues oj E A^ \ {1} have no multiplicity, so that A|v^ is scalar 
multiplication by oj. On Vi, we have X\vi = 1 + e with eoe ~ 0. If the eigenvalue 1 has multiplicity 1, 
then e = 0. Linear algebra yields a polynomial /„ such that /n(A) is the projection P\ onto Vi 
that annihilates all other eigenspaces Kj with tu j^ I. Let P^ = id — P\ be the complementary 
projection. There is a polynomial gn such that P\ o g„(A) = and (7„(A)(1 — A) = P^. That is, 
H\ :— 5n(A) lives on the range of P^ and is the inverse of 1 — A there. The polynomials /„ and .g„ 
are not uniquely determined. However, the operators Pa and Hx are uniquely determined by A. 

We need explicit formulas for /„ and g„. Define Nn '■— -(l + z + --- + z"^^). Thus A^„(l) — 1 
and (z - 1) • A^„ = i(z" - 1). It follows that Ar„(w) = for' all uj ^ 1 with w" = 1. Let 

/„(z) := Nniz) ■ Ar„+i(z)(l - (n - i)(z - 1)). 

By construction, fn{oj) = for all a; G A^ \ {!}. One verifies easily that /,i(l) = 1 and /'^(l) = 0. 
Thus /ra(A) annihilates K) for oj 7^ 1. On Vi it is the identity operator because Ajy^ = 1 + e with 
£2 = and hence /„(! + e) = /„(!) + /;(l)e == 1. Thus /„(A)Pa. Since /„(!) = 1, the fimction 
9n := (In - l)/(2 - 1) is a polynomial. By definition, g„(A) o (1 - A) = 1 - /„(A) = 1 - Pa- 
Evidently, 

ff„(z) = -(n - i)iV„(z) . 7V„+i(z) + N^iz) ■ ^"+^^^^^~^ + ^"J^J'V 
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An easy computation shows that 



n-2 



^"(^)-l W.n-2 , o.n-1 , o.«-2 , ,/ -,^n^ v-"-l-J 



1 






The relation 5„(A) • P\ = can be enforced by defining 5„ := (1 — /„) • g„. This does not alter the 
relation (7„(A) o (1 — A) = 1 — P\ and achieves that 5n(A) o Px — because Pa is idempotent. 

We now apply this linear algebra to k^. We define P: ilA -^ flA and H : $7 A — > fiA such 
that P\n"A is the projection onto the 1-eigenspace of k^ and H satisfies PH = HP = and 
H ■ {1 — K^) = (1 — K^) ■ H = P^. We claim that these operators P and H arc bomidcd with 
respect to the homology 6an on QA. 

For each n € Z_|_, we have constructed above polynomials /„ and gn such that P\n"A — frii^'^) 
and i/|si"A = gn{K^)- Let (3„ : fiA — > il^A C ilA be the projection annihilating fl'^A with fc j^ n. 
The family of operators {C^K^Qn 1 < j < n, n e Z+j is equibounded with respect to the 
homology ©an for any C G R. This follows easily from (A. 241). Furthermore, (A.24|) implies that 



{n^Qn I n G Z_|_} is equibounded. Hence the set of operators {C"k^Q„ | < j < kn, n e Z+} is 
equibounded for all fc S N. By the way, the set of operators {k^Qu \ n,j E Z+j is not equibounded 



because ( |A.3lD and bBbB = imply k'="("+i) = 1 + kbB. 

Hence an operator of the form X^i^o Qnhn{n) is bounded with respect to the homology 6an if 
(/in)nez+ is a sequence of polynomials whose degrees increase at most linearly and whose absolute 
coefficient sum grows at most exponentially. The absolute coefhcient sum of a polynomial ao + 
aix + ■ ■ ■ + a„a;" is simply |ao| + • • • + |a„|. Under these assumptions, the sum ^ Qnhn{n) is in the 
completant disked hull of the equibounded set {C^n^Qn | < j < hi} for suitable C G M, A: e N. 
The degrees of the polynomials /„ and gn grow linearly in n and their absolute coefhcient sums 
grows polynomially. Hence P and H are bounded with respect to the homology San and thus can 
be extended to bounded operators on fianA. 

The X-complex boundary d and b + B commute with k because d and b commute with k and k 
preserves the degree. The range of P is equal to the kernel of (k^ — 1)^, whereas the kernel of P 
is equal to the range of (k^ — 1)^. These spaces are invariant under any operator commuting 
with K. Thus P commutes with d and b + B. The operator H can be characterized as the inverse 
of P-^{1 — K^)P^ in B{P^ilA). Thus any operator commuting with k commutes with H. 



It remains to verify that the restriction of d to the range of P is equal to S. Equation ( A. 26 ) 
implies that 1 is a single eigenvalue of K\dn^n/^- Thus Po(k^ — id) vanishes on d(rianA). Using ( A.2£) 
we get similarly that Po (k^ — id) vanishes on 6(r2anA). Consequently, we have K^d = d and K^b — b 
on the subspace Pl^anA. Hence the restriction of do to Pf7^"A is equal to 

2n n— 1 

Y^ K^d - Y^ n^'^b ^B-nb^S. 

The restriction of di to PO^^+^A is equal to 

1 " 1 

b-il + K)d=b V(l + K)K^^d =b B = 6. 

n + I ^-^ n + 1 



These are the details needed to fill the gaps in the proof of Proposition 3.46 in Section 3.2.6 
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